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ABSTRACT: Using the inverse scattering method we construct an exact stationary asymp-
totically flat 4+1-dimensional vacuum solution describing “black saturn”: a spherical black
hole surrounded by a black ring. Angular momentum keeps the configuration in equilib-
rium. Black saturn reveals a number of interesting gravitational phenomena: (1) The
balanced solution exhibits 2-fold continuous non-uniqueness for fixed mass and angular
momentum; (2) Remarkably, the 4+1d Schwarzschild black hole is not unique, since the
black ring and black hole of black saturn can counter-rotate to give zero total angular
momentum at infinity, while maintaining balance; (3) The system cleanly demonstrates
rotational frame-dragging when a black hole with vanishing Komar angular momentum is
rotating as the black ring drags the surrounding spacetime. Possible generalizations include
multiple rings of saturn as well as doubly spinning black saturn configurations.
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1. Introduction

Multi-black hole spacetimes play an interesting role in black hole physics. A central
question is how to keep a configuration of multiple black holes in equilibrium. Two
Schwarzschild black holes attract each other and cannot be in equilibrium without ex-
ternal forces to hold them in place. The simplest way to achieve a stationary balanced
configuration is by adding enough electric charge to each black hole, so that the elec-
tromagnetic repulsion exactly cancels the gravitational attraction. In 3+1 dimensions, the
resulting solution, and its generalization to multiple black holes, is of course the well-known
extremal multi-Reissner Nordstrom black hole solution [i.

For asymptotically flat vacuum solutions, rotation seems to be the only candidate
for keeping black holes apart. However, for the 3+1-dimensional axisymmetric double
Kerr solution [, the spin-spin interaction [ is not sufficiently strong to balance the
gravitational attraction of black holes with regular horizons [[{—[f. Hence multi-Kerr black
hole spacetimes are not in equilibrium, but suffer from singular struts which provide the
pressure to keep the black holes apart [f].

We present here a 441-dimensional stationary vacuum solution for which angular mo-
mentum does provide sufficient force to keep two black objects apart. The possibility of
balanced, regular multi-black hole vacuum spacetimes can be motivated as follows. The
five-dimensional vacuum Einstein’s equations admit black ring solutions [§ which have
horizons of topology S? x S'. Rotation prevents the black ring from collapsing. Very
thin black rings are kept in equilibrium by a Newtonian force balance between a string-
like tension and a centrifugal force arising from the rotation [fJ] (see also [[(]). With this
Newtonian balance in mind, it is natural to ask if rotation provides a sufficiently strong
force to also keep a black ring in equilibrium in an “external potential”. This could for
instance be in the gravitational field of a Myers-Perry black hole [L1]] at the center of the
black ring. Our solution realizes this possibility: a black ring balanced by rotation around
a concentric spherical black hole in an asymptotically flat spacetime. We call this balanced
configuration black saturn.

It should be emphasized that the black hole and the black ring generally have strong
gravitational backreactions, so that only for very thin black rings with large S' radius
does the motivation of a black ring in an external potential apply. On the other hand, the
gravitational interactions between the two objects give rise to interesting phenomena, such
as frame-dragging, which we examine in detail. We summarize here a selection of physical

properties of black saturn:

- Continuous non-uniqueness: The total mass M and angular momentum J measured
at infinity can be distributed continuously between the two black objects in the
balanced saturn configuration. Thus the solution exhibits 2-fold continuous non-
uniqueness. An additional discrete non-uniqueness exists in regimes that admit both
thin and fat black rings.

- Counter rotation: The black ring and the S black hole have independent rotation
parameters, and they can be co-rotating as well as counter-rotating while maintaining



balance. (We define co- and counter-rotation in terms of the relative sign of the

angular velocities.)

- Non-uniqueness of the 4+1d Schwarzschild black hole: Strikingly, the black ring and
53 black hole can be counter-rotating to give zero total ADM angular momentum at
infinity. This means that the 4+1-dimensional Schwarzschild-Tangherlini black hole
is not the only asymptotically flat black hole solution with J = 0 at infinity; in fact
the J = 0 black saturn configurations are 2-fold continuously non-unique.

The existence of the J = 0 black saturn solutions does not contradict the uniqueness
theorem [[IJ] that the Schwarzschild black hole is the only static asymptotically flat
vacuum black hole solution; the reason is simply that black saturn, while being

stationary, is non-static.

We also conclude that the slowly spinning Myers-Perry black hole is not unique; al-
lowing for non-connected horizons one can get around the perturbative results of [[L3].

- Rotational frame-dragging: The gravitational interaction between the black ring and
the 52 black hole manifests itself in form of rotational frame-dragging. This is most
cleanly illustrated when the intrinsic angular momentum (measured by the Komar
integral) of the S black hole is set to zero, JI]?(I){mar = 0. The angular velocity QBH,
however, is not zero but follows the behavior of the angular velocity QPR of the black
ring. We interpret this as frame-dragging: the rotating black ring drags the spacetime
around with it, and in effect the black hole rotates too, despite having no intrinsic
spin, JBIL,,

exact solution.

= 0. It is exciting to have access to rotational frame-dragging in an

- Countering frame-dragging: Counter-rotation makes it possible to tune the intrinsic

rotation JI]?(I){mar

of the S3 black hole, so that it “cancels” the effect of dragging caused
by the surrounding black ring. This gives a solution for which the angular velocity

of the black hole vanishes: QB! = 0 while JE2 £ 0.
We have found no black saturn configurations (J = 0 or J nonzero) for which the total
horizon area of the S? black hole and black ring exceeds the area aIS{ChW of the static 441-
dimensional Schwarzschild black hole of the same ADM mass,! however there are saturn

IS{ChW for any value of J. The resulting

configurations with total area arbitrarily close to a
phase diagram of 4+1-dimensional black holes is discussed in more detail in [[4], where
black saturn thermodynamics is also studied.

It is worth noting that for 4+41-dimensional asymptotically flat black hole space-
times the continuous non-uniqueness will go much further than the 2-fold continuous non-
uniqueness of the simple black saturn system presented here. An obvious generalization

of our solutions includes multiple rings of saturn. As argued above, the total mass and

L This observation leads to the general expectation that for fixed mass the entropy of the d-dimensional
Schwarzschild black hole serves as an upper bound on the total entropy in any stationary d-dimensional
asymptotically flat balanced black hole vacuum spacetime.



angular momentum can be distributed continuously between the n black objects in such a
spacetime, subject to balance conditions, and the result is 2(n — 1)-fold continuous non-
uniqueness. Including the second angular momentum gives doubly spinning multiple black
saturns with 3(n — 1)-fold continuous non-uniqueness, also for the J; = Jo = 0 configu-
rations. If, as anticipated, the total area is bounded by a%ChW for given total mass, each

component of an n-black hole system will necessarily have smaller area as n increases.

Supersymmetric black hole solutions with one or more concentric balanced black rings
around a rotating S3 black hole were constructed by Gauntlett and Gutowski [[5]. Be-
ing supersymmetric, the solutions are extremally charged and saturate the BPS bound of
4+1-dimensional supergravity with U(1) vector multiplets. For the supersymmetric solu-
tions, it is not possible to observe dragging effects or counter-rotation, as we do for our
non-supersymmetric vacuum solutions, because the supersymmetric solutions have vanish-
ing angular velocities. The first order nature of the supersymmetry conditions [I§, [[7]
makes the construction of multi-black hole solutions a fairly straightforward superposition
of harmonic functions. For non-supersymmetric black holes we do not have this luxury,
and instead we have to solve the full second order Einstein’s equations.

The black saturn solution is found using the inverse scattering method. This solu-
tion generating method was first adapted to Einstein’s equations by Belinsky and Za-
kharov [[§, [[], and has been used extensively to generate four-dimensional vacuum solu-
tions (see for instance [2(] and references therein). Recently, the inverse scattering method,
and closely related solution generating techniques, have been applied to generate five-
dimensional rotating black hole vacuum solutions. The Myers-Perry black hole with two
independent rotation parameters was constructed by a smart implementation of the inverse
scattering method by Pomeransky [21]. Also, the unbalanced black ring with rotation on
the S? was constructed 23, BJ); this solution was constructed independently in [4] without
use of solution generating techniques. The original balanced S! rotating black ring [§] has
also been constructed by these methods [R5, P4]. Most recently, Pomeransky and Sen’kov
have succeeded in constructing a doubly-spinning black ring solution [R7] using the inverse

scattering method (numerical results were also obtained recently [Rg]).

We briefly review relevant aspects of the inverse scattering method in section B, where
we also provide details of the construction of the black saturn solution. Section [] contains
an analysis of the solution, including computations of the physical parameters and the
balance condition. The physics of the black saturn system is studied in section [. Open
questions are discussed in section .

2. Construction of the solution

We review in section .1] the inverse scattering method with focus on the Belinsky-Zakharov
(BZ) n-soliton transformations [1§, ] (a detailed review can be found in the book [R{]).
In section R.9 we discuss the seed solution and generate the black saturn solution by soliton
transformations. The final result for the metric is presented in section P.3.



2.1 The inverse scattering method

The inverse scattering method can used as a solution generating method for stationary
axisymmetric spacetimes. These are D-dimensional spacetimes with D — 2 commuting
Killing vector fields, one of which is time. The method allows construction of new solutions
from known ones by means of purely algebraic manipulations.

We write the D-dimensional stationary axisymmetric spacetime as

ds?® = Gy dzda® + €% (d,o2 + dz2) ) (2.1)

where a,b=1,...,D — 2 and all compoments of the metric are functions of p and z only:
Gap = Gap(p, z) and v = v(p, z). Without loss of generality the coordinates can be chosen
such that

det G = —p?. (2.2)

Then Einstein’s equations separate into two groups, one for the (D — 2) x (D — 2) matrix
G,
0,U+0.V =0, (2.3)

where
U=p(0,G)G, V=p0.G) G, (2.4)

and the other for the metric factor e?”,

Opv = % —% + %TY(UZ V3|, o= ﬁTr(UV). (2.5)

The equations (R.5) for v satisfy the integrability condition 9,0,v = 0,0,V as a consequence

of (2.3). Hence, once a solution G;;(p,z) to (B.3) is found, one can determine v(p, z) by
direct integration.

The matrix equations (R.J) and (R.J) form a completely integrable system, meaning

that one can find a set of spectral equations (a “Lax pair” or “L-A pair”) whose compat-

ibility conditions are exactly (.4) and (2.). The spectral equations for (R.2) and (R.9)

are

PV — \U pU + AV

DU = U, DoV ="—"—7-V 2.6
1 A2+ p2 2 22 p2 (2.6)
with commuting differential operators D; and Ds given by
202 2M\p
Dl = 82’ - m@)\ 3 D2 = 3p + m@)\ 3 (27)

The complex spectral parameter A is independent of p and z, and the generating function
V(A p,z)is a (D —2) x (D —2) matrix such that (0, p, z) = G(p, 2).

The linearity of (.6) allows algebraic construction of new solutions from known solu-
tions based on the “dressing method”. Given a known “seed” solution Gy, one constructs



the corresponding matrices Uy and Vj in (R.4), and determines a generating matrix ¥
which solves (R.6) with Uy and Vy. Then one seeks a new solution of the form

where Y = x(A, p, 2) is the dressing matrix. Inserting (R.§) into (P.§) now gives a set of
equations for xy. The matrix x is further constrained by requiring that the new metric
G = V(A =0,p,z) is real and symmetric.

We are here interested in so-called “n-soliton” dressing matrices, which are charac-
terized by having n simple poles in the complex A-plane, and we further restrict to cases
where the poles are located on the real axis; this determines the location of the poles to

be [19-pd]

b =t p? + (2 —ar)? — (2 — ag) , (2.9)
where aj, are n real constants. We refer to the “4” pole as a soliton and denote it by gy,
while the “—” pole is an anti-soliton denoted by fiy. Note jufir, = —p?.

In addition to the n real constants aj, an n-soliton transformation is determined by n
arbitrary constant real (D — 2)-component vectors m(()k), which we shall refer to as the BZ
vectors. The components of these vectors will be called BZ parameters. In our applications,
the BZ vectors control the addition of angular momentum to a static seed solution.

Given a seed solution Gy, the n-soliton transformation yields a new solution G with

components
n k) (-1 O]
Go)ae M) (D) m) (Go)as
Gap = (Go)ab — Y (Go)acme (L )it my (Godas (2.10)
ki=1 Mok fhr
(Repeated spacetime indices a,b,c,d = 1,..., D — 2 are summed.) The components of the
vectors m¥) are
k 1/~
mfzk) = méb) [\Ilo 1(Mkap7 Z)]ba ) (2.11)

where W is the generating matrix which solves (R.6]) with Uy and Vg determined by Gy as
in (4), and mgz) are the BZ parameters.
The symmetric matrix I' is defined as

m) (Go)ab ml(,l)

Iy = ——
P2+ fikfly

(2.12)

and the inverse I'"! of I' appears in (2.10).
The new matrix G of (R.10) does not obey (R.2); instead, an n-soliton transformation
gives

det G = (—1)"p*" <H ﬂk_2> det Gy , (2.13)
k=1

with det Gy = —p?. One can deal with this problem and obtain a physical solution G(PP)
such that det GPY) = —p2 by multiplying G by a suitable factor of p and ji;’s. In four
spacetime dimensions, this method of uniform renormalization works well and allows one
to construct for instance (multi)Kerr-NUT solutions from just flat Minkowski space. In



higher dimensions, however, uniform renormalization typically leads to nakedly singular
solutions.

One way around this problem is to restrict the soliton transformation to a 2 x 2 block
of the seed solution and perform uniform renormalization on this block. This has been
applied to reproduce black ring solutions with a single angular momentum [RJ, P6. The
drawback of this method is clearly that it can only produce solutions with rotation in at
most a single plane. This would be sufficient for our purposes here, but we prefer to present
the solution generating method in a more general setting so as to facilitate generalization
of our black saturn solution to include angular momentum in two independent planes. We
therefore follow the strategy of RI] which is applicable in any spacetime dimension and
does not suffer from the above-mentioned limitations.

The idea is to note that the factor multiplying det Gy in (B.1J) is independent of the
BZ vectors m(()k). Start with a diagonal seed solution (G, e?”) and remove first solitons
with trivial BZ parameters (so as to not introduce any off-diagonal components in the

matrix G). Then add back the same solitons but now with general BZ parameters. The

resulting solution G satisfies det G = —p? by construction. Moreover, the metric factor e
of the full solution can easily be obtained from the seed G as [R1]
det T’
2V — 20 7(’:) , (2.14)
detI'y,

where I'(®) and T' are constructed as in (R.13) using Gy and G, respectively.

We now turn from the general discussion to the construction of the black saturn solu-
tion.

2.2 Seed and soliton transformation for black saturn

For the analysis of axisymmetric solutions we make use of the results of [R9, B{]. We refer to
these papers for general discussions of higher-dimensional Weyl solutions and the analysis
of the corresponding rod configurations.

The rod configuration for the seed of black saturn is shown in figure . The thick solid
black lines correspond to rod sources of uniform density +1/2, whereas the dashed line
segment corresponds to a rod source of uniform negative density —1/2. The rods in the
t direction correspond to black hole horizons. Note that for a; = a5 the negative rod is
eliminated and the solution describes a static black ring around an S black hole. This
is an unbalanced configuration with a conically singular membrane keeping the black ring
and the S2 black hole apart. The negative density rod is included in order to facilitate
adding angular momentum to the black ring.

Using the techniques of [2J] we construct the full 4+1-dimensional vacuum solution
corresponding to the rod configuration in figure [Il. We find

2
GO:diag{—'ul'u‘g,p ,u47,u5,u2}’ det Gy = —p?. (2.15)
K2 fa M5 p3 M1



(4

aq as ayq asg a9

Figure 1: Sources for the seed metric Gy. The solid rods have positive density and the dashed
rod has negative density. The rods are located at the z-axis with p = 0 and add up to an infinite
rod with uniform density such that det Gy = —p?. The labeling of the rod endpoints is a little
untraditional, but is simply motivated by the fact that we are going to use the inverse scattering
method to add solitons at z = a1, as and as.

The first term in G corresponds to the tt-component, the second to the ¢¢@-component
and the third to the ¢1)-component. The p; are “solitons” as introduced in (R.9), i.e.

wi=p*+(z—a;)?—(z—a;), (2.16)

where the a; are the rod endpoints in figure [[. The metric factor e? of the seed can written
2 _ g2 P2 (0% i o) (0% + i pa) (0% + 11 p15) (0 + propi) (0° + s 14)* (0° + pa p1s) (2.17)
p1(p? + paps) (P + pia i) (02 + i pa) (0% + 2 p15) TTo—y (0 + 12?)

The integration constant k& will be fixed in section for the full black saturn solution.
We assume the ordering

a1 <as <ag <az < a (2.18)

of the rod endpoints.?

The solution (R-I) and (R.17) with the ordering (R.1§) is singular and not in itself of
physical interest. However, with a 1-soliton transformation we add an anti-soliton which
mixes the ¢t and ¢ directions in such a way that the negative density rod moves to the ¢-
direction and cancels the segment [a1, as] of the positive density rod. It turns out that this
leaves a naked singularity at z = a;, but choosing the BZ vector appropriately completely
eliminates that singularity (see section B.9). Taking as = a3 in the seed solution, this
I-soliton transformation gives the S! rotating black ring of [§]. We show this explicitly in
appendix [A.3.

Keeping a3 < ao, the above sketched 1-soliton transformation gives a rotating black
ring around an S® black hole. This configuration can be balanced and we study its physical
properties in detail in section [l.J. Including two more soliton transformations allow us to
give the S3 black hole independent rotation in two planes. The steps of generating the
black saturn solution by a 3-soliton transformations are as follows:

21f instead we had chosen the different ordering as < a1 < a4 < az < ag, then there would have been no
negative density rod, and the solution () and () would describe two S* black holes and two conical
singularities, one for each of the two finite rods in the angular directions. We will not use this ordering, but
always take the rod endpoints to satisfy ()



1. Perform the following three 1-soliton transformations on the seed solution (2.15):

e Remove an anti-soliton at z = a; with trivial BZ vector (1,0,0); this is equivalent
to dividing (Go)u by —p?/if = —pi/p*.

e Remove a soliton at z = ag with trivial BZ vector (1,0,0); this is equivalent to
dividing (Go)y by (—p*/13).

e Remove an anti-soliton at z = ag with trivial BZ vector (1,0,0); this is equivalent
to dividing (Go)u by —p? /i3 = —p3/p*.

The result is the metric matrix

2 2
{):diag{ p 2 ’PM4,M2M5}' (2.19)
H1f3phg H3Hs [

2. Rescale G}, by a factor of ’;%ZZ’ to find

5 1143 . 1 pap 3
Go:'MQ'u 6:d1ag{—,—'u'u ,—'L_L—} , (2.20)
P2 M4 H2pts Mo
where fi5 = —p?/us. This will be the seed for the next soliton transformation.

3. The generating matrix

- _ dia 1 (1 = A)(pa —A) (3 —A)
W) =dne{ G TR Ty ) e

solves (R.6) with Gy. Note (0, p, z) = Gy.

4. Perform now a 3-soliton transformation with Gy as seed:

e Add an anti-soliton at z = a; (pole at A = j11) with BZ vector mgl) = (1,0,¢1),

e Add a soliton at z = ay (pole at A = ug) with BZ vector mgf) = (1,0,¢2), and
e Add an anti-soliton at z = as (pole at A\ = fi3) with BZ vector m(()s) = (1,b3,0).

Denote the resulting metric G. The constants ¢, o, and bs are the BZ parameters
of the transformation.

5. Rescale G to find

2 ~
G="2Ra. (2.22)
H1p3

This is needed to undo the rescaling of step 2, so that det G = —p?.

6. Construct e?” using (B14). Note that I' was found in the process of constructing G

and that I'g = I‘{ o- The result (G, e?) is the solution we want.

c1=co=bz=



Some comments are in order. First, the rescaling in step 2 is simply a choice of
convenience that yields a simple form for the generating matrix Wo. Secondly, with ¢; =
ca = bz = 0, the effect of the 3-soliton transformation in step 4 is simply to undo the
transformation of step 1. Since (R.13) is independent of the BZ parameters c;, c2 and b,
we are guaranteed to have det G = det Gy = —p?, after step 5 has undone the rescaling of
step 2. Finally, in step 4 we could have added the (anti-)solitons with general BZ vectors
mgk) = (a(k),b(k),c(k)) for k = 1,2,3. However, b%*) £ 0, k = 1,2, or ¢® £ 0 lead to
irremovable singularities and we therefore set () = b(2) = ¢(3) = 0. Finally, the solution is
invariant under rescalings of the BZ vectors, m((]k) — O m(()k) (no sum on k) for any nonzero
ok, and we use the scaling freedom to set a(¥) = 1 without loss of generality.

In this paper we focus entirely on the black saturn solution with angular momentum
only in a single plane, so we set b3 = 0 in the following. The more general solution with
bs # 0 remains to be analyzed.

2-soliton transformation

With b3 = 0 the transformation described above is essentially a 2-soliton transformation.
In fact, the saturn solution with b3 = 0 can be produced by a 2-soliton transformation
in much the same way as above. The resulting metric takes a slightly different form, but
can be shown, using the explicit form of the p;’s in (R.16), to be identical to the metric
resulting from the 3-soliton transformation after a constant rescaling of the BZ parameters
c1 and cso.

2.3 Saturn solution

The black saturn solution constructed by the above 3-soliton transformation with b3 = 0
can be written?
H w 2 G G
ds? — 2yl ge o (W2 d H k;QP(dQ d2) Y gy + 22 a2, (2.23
s Hm[ +<Hy+q¢+m p”+dz +Hy¢+Hx¢ (2.23)
For convenience we have chosen to write €2 = k? H, P. Here k is the integration constant
for the metric factor e*° given in (P.17), and Gy, Hzy, and P are functions of p and
z which will be given below. The constant ¢ is included in order to ensure asymptotic
flatness (we determine the value of ¢ in the analysis of section B.3).
With b3 = 0, our soliton transformations leave the ¢¢-part of the metric invariant, so
from the static seed (R.15) we have

2

PP ha
Gy = (Go)gg = . 9.24
v = (Goos = (2.24)
The metric (P:23) involves the functions
P = (u3 pa+ p°) (1 ps + p7) (pa ps + p%) (2.25)

3 After performing the BZ transformation, we shift ¢ as t — t— g in order to ensure asymptotic flatness.
At this point ¥ is not assumed to be periodic so the shift does not effect the global structure of the solution.
The periodicities of ¢ and ¢ will be fixed in section E We have also reversed the sense of rotation by taking

Y — =1

,10,



and

H,=F! [MO + ¢ My + ¢ My + ¢ cg M3 + cie3 My, (2.26)
2
H =F 15 [Moﬂ ML — M e My + AE MR (2.27)
pa | po {1 o p i
where
Mo = pg piE(pn — p3)* (2 — pa)* (0% + g p2) (0% + i pa)*(p° + p2 p3)?, - (2.28)
My = pif g pis pa pis 07 (pn — p2)* (2 — pa)* (1 — 5)* (07 + pi ps)? (2.29)
My = pig i pa pis p° (1 — pi2)?(pin — p13) (0% + pa pa)* (0* + 2 15)° (2.30)
My = 2p1p0 ps pa ps (1 — p3) (1 — pis) (12 — pa) (0% + 13) (p° + 13)
X (0% + p1 pa) (P + 2 p3) (P + p2 pis) (2.31)
My = 113 po i 13 (= p15) (07 + 1 p2)?(0° + 2 ps)? (2.32)
and

F o= pnps (1 — p3)? (2 — pa) (0" + pa 13) (0% + pia p3) (0 + pa pa)
5

(0% + 2 1) (P + p2 1) (0 + pa ps) [ [ (0 + 123) - (2.33)
i=1

Finally we have

G, =1 (2.34)
M4

and the off-diagonal part of the metric is given by

Wy = 201 Ry v/ MoMy — ¢ Ry /MoMs + C% co Ro /MMy — 1 C% R/ MoMy
FVG, '

Here R, = \/p? + (z — a;)?.
Setting ¢1 = ¢ = 0 gives wy = 0 and GyH,/Hy, = pops/p1 = (Go)yy. The full
solution can be seen to simply reduce to the seed solution (R.15) and (R.17) in this limit.
Taking ¢; = 0 and then setting a; = a5 = a4 we obtain the singly spinning Myers-

(2.35)

Perry black hole, which was constructed similarly in [RI]. For details, see appendix [A.T].
Taking instead cy = 0 and then setting as = a3 we obtain the S! spinning black ring of [§].
Appendix [A.9 presents the explicit coordinate transformation from Weyl coordinates (p, 2)
to ring coordinates (x,y). The black ring was obtained in [R5 and [Rf] with a different
transformation which involved two solitons and started with a different seed metric. The
1-soliton transformation used here appears to be simpler.*

It is useful to note that the only effect of changing the signs of both BZ parameters ¢y
and cg, taking (1, c2) — (—c1, —c2), is a change of sense of the overall direction of rotation,
i.e. the only effect is Gy, — —Giy.

“We thank Roberto Emparan for sharing with us the idea of obtaining the S'-spinning black ring by a
1-soliton transformation.
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The metric (£.23) is sufficiently complicated that it is difficult to check algebraically
that the Einstein vacuum equations are solved. We have resorted to numerical methods in
order to check the vanishing of all components of the Ricci tensor.

Next we present an analysis of the main properties of the black saturn solution.

3. Analysis

We introduce a convenient parameterization of the solution, and then analyze the rod
structure. The BZ parameter ¢; will be fixed in order to eliminate the singularity left-over
from the negative density rod of the seed solution. Next it is shown that the solution is
asymptotically flat. Regularity is analyzed and the balance condition obtained by elimi-
nation of a conical singularity. We analyze the horizon structure, and compute a number
of physical quantities for the solution: the ADM mass and angular momentum, as well as
angular velocities, temperatures and horizon areas of the two black holes. We compute the
Komar integrals for mass and angular momentum and obtain a Smarr relation. We study
various limits of the solution, and we comment on the analysis of closed timelike curves (of

which we find none).

3.1 Parameterization

The seed solution (P.15)-(R.17) contains five dimensionfull parameters, namely the rod
endpoints a;, ¢ = 1,...,5. Since the whole rod configuration can be shifted along the
z-axis without changing the solution, the description in terms of the a;’s is redundant; in
addition to the ordering (R.1§) and the directions of the rods as given in figure [l we only
need the lengths of the rods. It is useful to also take out the overall scale of the solution
so that the seed solution is described in terms of three dimensionless parameters and an
overall scale.

We choose the overall scale L to be®
L2 = a2 —aj, (31)

and we introduce three dimensionless parameters x; as

ni:%, for i=1,2,3. (3.2)

As a consequence of the ordering (R.1§), the &;’s satisfy

0<Kk3<Kyg<Kk <1. (33)

(We exclude k2 = k; for the balanced solution for reasons which will be apparent in
section B.4l) We shift and scale the z coordinate accordingly: set

z=L%%4a. (3.4)

®The coordinates p and z, and hence the rod endpoints a;, have dimensions (length)?.
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(1,0,03%)  (1,0,3")

t o t
0,1,0 0,1,0
o o ( ) ( )
0,0,1
G . ¥ (0,0,1)
0 K3 K2 K1 1 0 K3 K2 K1 1
Figure E(a) Figure E(b)

Figure 2: Rod structure of the black saturn solution. Note that the rods are placed on the z-axis,
see section B.9 for the definition of Z. The dots in figure fi(a) denote singularities at zZ = 0, which
are removed by the fixing ¢, according to (B.7) (figure fl(b)). This choice makes the p = 0 metric
smooth across z = 0. Figure E(b) also shows the directions of the rods.

Then Zz is dimensionless. As we shall see in the following, the black ring horizon is located
at p =0 for z € [K3, k2|, and the S black hole horizon at p = 0 for z € [y, 1].
The new parameterization effectively corresponds to taking

ar—0, a5 — Kz, a4—K2, az3—*kK, a—1, (3.5)
while carefully keeping track of the scale L.

The soliton transformations introduce the two dimensionfull BZ parameters, ¢; and
cy. It is convenient to redefine the BZ parameter co by introducing the dimensionless
parameter ¢ as

C2
(1 — ko)’

Cy = (3.6)

With this parameterization many expressions for the physical parameters simplify.

3.2 Rod structure

The rod structure at p = 0 is illustrated in figure fl. Harmark [Bd] introduces the “direction”
of a given rod as the zero eigenvalue eigenvector of the metric matrix G at p = 0. The
direction of each rod is indicated in figure f(b). To summarize:

e The semi-infinite rod Z €] — 0o, k3] and the finite rod [k2, k1] have directions (0, 1,0),
i.e. they are sources for the ¢¢-part of the metric.

e The semi-infinite rod [1,00[ has direction (0,0,1), i.e. it is sourcing the ¥-part of
the metric.

e The finite rod [k3, k2] corresponds to the location of the black ring horizon. It has
direction (1,0, QER). The finite rod [k, 1] corresponds to the location of the S black
hole horizon. It has direction (1,0, QEH) The angular velocities QSR and QSH will
be given in section B.3.

Note that the negative density rod of the seed solution figure [ is no longer present.
The soliton transformation which added the anti-soliton at z = a1 has made the +1/2 and
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—1/2 density rods in the ¢ and 1 direction cancel. However, the cancellation of the rods

L'~ z7! divergence

left a singularity at z = aq, i.e. Z = 0. This shows up as a (z —a1)~
in Gy and Gy, as indicated by dots in figure P(a). Luckily, the singularities are removed

completely by setting

2
le1| = Ly /25402 (3.7)
K3

With ¢; fixed according to (B.7), the metric at p = 0 is completely smooth across z = 0.
This means that we have succesfully removed the negative density rod at z € [0, k3] (z €
[a1,as5]), and there is no longer any significance to the point Zz =0 (z = a1) in the metric,
as illustrated in figure f(b).

The condition @) will be imposed throughout the rest of the paper. Since (¢1,c2) —
(—c1, —c2) just changes the overall direction of rotation, we choose ¢; > 0 without loss of

generality.
3.3 Asymptotics
We introduce asymptotic coordinates (r, 6)
1 2 . 1 2
p=5rsin 20, z= g7 cos 20, (3.8)
such that
dp? + dz* = r? (dr® + r*dh?). (3.9)

The asymptotic limit is 7* = 2/p? + 22 — oo. Requiring that Gy — 0 when r — oo
determines the constant ¢ in the metric (R.23) to be

2K1K9 )
=L/ . 3.10
q Ky 14 Koo ( )

We have used the definition (B.§) of ¢ and imposed (B.7) for ¢;.

To leading order, the asymptotic metric is

2 1
¥ = k2[1+/-@252] R (3.11)

which motivates us to choose the constant k to be

= |14 n 52‘_1 (3.12)
We shall assume® that ¢y # —k5 ! The asymptotic metric then takes the form
ds® = —dt® + dr? + r* d6* 4 r?sin® 0 dp® + 2 cos® 0 dep* . (3.13)
Below we show that the angles ¥ and ¢ have periodicities
Ay = A¢p =2m, (3.14)
so that the solution indeed is asymptotically flat.
SThe solution with & = —r; " is nakedly singular. See sections B4 and [ for further comments.
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3.4 Regularity and balance

In order to avoid a conical singularity at the location of a rod, the period An of a spacelike
coordinate n(= 1, ¢) must be fixed as

2€2V

An =27 lim (3.15)
p—0

9mm
Requiring regularity on the rod z € [1, o] fixes the period of ¥ to be Ay = 27, and
regularity on the rod z € [~ oo, k3] determines A¢ = 2. We have used (B-7) and (B-12).”
According to the discussion in the previous section this ensures asymptotic flatness of the
solution.
Next we consider regularity as p — 0 for the finite rod 2z € [k2, k1]. Eq. (B.1) gives
K1 — R9
T .
‘1 + Ko 52{\/,‘{1(1 — Iig)(l — Iig)(lﬁl — Kg)

When no constraints other than (B.7) are imposed, the metric has a conical singular mem-

Ag =2 (3.16)

brane in the plane of the ring, extending from the inner S! radius of the black ring to the
horizon of the S black hole.

We can avoid this conical singularity and balance the solution by requiring the right
hand side of (B.16) to be equal to 27. Solving for & this gives us the balancing, or
equilibrium, condition for black saturn, i.e.

_ 1 K1 — K9 . € = +1 when 62>—/<;2_1
Co = — |¢€ — 1|, with B 21 -
ko | \/k1(1— k2)(1 — k3) (k1 — #3) e=—1 when ¢ < —ry
(3.17)
The solution with ¢ = —kxy 1is nakedly singular. Thus the choice of sign e divides the

balanced black saturn solutions into two separate sectors. The limit of removing the S3
black hole to leave just the balanced black ring requires setting ¢o = 0 and according to
(B-17) this is only possible for € = +1. We are going to study the e = +1 solutions in detail
in section [, but will also discuss some properties of the ¢ = —1 solutions (see sections B.7

and [L.§).

3.5 Horizons

The rod analysis of section B.J showed that the two horizon rods had directions (1,0, Qip),
i = BR,BH, for the black ring and the S3 black hole. Equivalently, the Killing vectors
E=0+ pr(% are null on the respective horizons. The angular velocities Qip are

1 1= k1) — k1 (1 — ko) (1 — kg)e
Q= = 1+ [ 5 mallm) =l )l o) g g

2k1 K3(l — K1) + Kike(l — K2)(1 — K3)cs

N \/7 . 3.19
¥ L [ 2] 262 K3 — K3(k1 — Ka)C2 + K1ka(l — K3)E3 1)

The black ring and the S black hole generally have different angular velocities.

"If we had not imposed the condition (@)7 which removes the singularity at zZ = 0, then (B.15) would

2K3
K1K2

have given A¢p = T ¢ for z € |0, k3]. Requiring A¢ = 27 is precisely the condition (@)
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Myers-Perry black hole horizon geometry

One black hole horizon is located at p = 0 for k; < Z < 1 and the metric on a spatial
cross-section of the horizon can be written

. 2L2(§—l€1)(2—l€3)

L% (2—ko)dz?
2
dSBH = (2_1‘12)

(1=2)(z=r1)(z—r3)9(2)’

d¢? +L2s3y g(2)(1 — 2) dyp> + (3.20)

where the constant sgy is

1- 1 — k) (1 — £3)c3
sy = A —r) Fmime(l - )1~ K)E (3.21)

r3y/(1— k1) (1= k2)(1 — k3) [1+ /‘6252]2

and the function g(z) is
9(2) = 2k1k3(1 — £1)(1 — ko) (1 — k3)(Z — #2)
x[1+ kaca)” [(1 — k1)?ks [m(z — k) — mg(m ~ k(1= 2)? — Kika(2 — 2))}
2k maks(1 — #1)(1 — ko) (1 — k3) (1 — 2)(Z — k1) &

-1
+r2ko(1 — ko)2(1 — K3)2 2 (Z — K1) E%} . (3.22)

Note that s > 0. One can check that g(z) is positive for k; < z < 1, so for sy > 0, the
horizon is topologically an S3. Metrically the S? is distorted by rotation, as is the case for
a Myers-Perry black hole, and here the horizon is further deformed by the presence of the
black ring.

Black ring horizon geometry

The black ring horizon is located at p = 0 for k3 < Z < k9. The metric of a spatial cross

section of the horizon can be written

2L2(H:2 — 2)(5 — Iig)
(K1 —2)

L%dz?
(ke — 2)(2 — Kk3) f(2)

dsip = do? + L?s%y f(2) (k1 — 2) dy® + (3.23)

where the constant sgg is

— kg — Kk3(K1 — ko) + K1ka(l — K3 )E2
SBR:\/M( K2 — K3 (3 3(K1 2)C2 152 3) 2)’ (3.24)

K1 — ka)(1 — K3) K3 [1 + Koco)?
and the function f(z) is
f(2) = 2r1K3(k1 — R3)(1 — K3)(1 — 2)
x [1+ ko] 2 (ko — kz) ™! [Hg [ng(m — 2) + K3 (@(1 — k1 (2—2)) — k(1 — 2)2)]
+2k1kok3(1 — k3)(1 — 2) (ke — Z)C2

-1
+r1ka(1 — k3)22(ky — z)cg] . (3.25)

It follows from (B.3) that spr > 0, and it can be checked that f(Z) is positive for kg < z <
ko. The coordinate 1 parametrizes a circle whose radius depends on z. The coordinates
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(2, ¢) parameterize a deformed two-sphere. The topology of the horizon is therefore S* x S2.
As is the case for the black ring [B, [], the metric of the horizon is not a direct product of
the S! x S? (contrary to the supersymmetric case [Bl]-B3, [[]). For black saturn the black
ring horizon is further distorted by the presence of the S% black hole.

Horizon areas

It is straightforward to compute the horizon areas. We find

K1ra(1—r2)(1=K3) 72
ABH — 4L37T2\/ 2(1 — Hl)g 1 + Hg(lflil) C2 (326)
(1= r2)(1 — k3) (1+ ra )’
PR B L e Gl B e vl SR,
Kl(ﬂl — Iig)(l — /<;3) (1 + Ko 52)2 . .

Note that for all real ¢5 and 0 < k3 < k9 < k1 < 1, the expressions for the horizon areas
are real and positive, hence well-defined. In particular, there are no signs of closed timelike

curves.

Temperatures

We compute the temperatures using [B(] and find

_\2
1 1- 1-—- 1+ koe
Tt = 2L7T\/( 2(?)—( m)ﬁs) 1 ngm(li)?l)@) o (3.28)
+ k3(1—kK1) 155
_\2
TI_]?R _ 1 Kl(l — 1‘63)(1‘61 — Iig) (1 + Ko 02) ‘
2L« 2ka(Kko — K3) 1— (k1 — K2)é + nmzl(il;lis) &2

The ordering (B.3) ensures that the temperatures are non-negative.

The expressions for the temperatures are complimentary to those for the horizon areas
B.20)-(B.27): with the entropy being one quarter times the horizon area, S = A/(4G), we
have two very simple expressions:

T T
THUSBY = — 121 - THRSBR = — L%(ky — k3). 3.29

The former vanishes in the limit x; — 1 which gives an extremal rotating S black hole.
The latter vanishes when x9 = k3, which we interpret as the limit where the black ring
becomes singular, as the j = 1 limit of the fat black rings.

3.6 ADM mass and angular momentum

The solution is asymptotically flat and it is straightforward to compute the ADM mass M
and angular momentum .J using the asymptotic coordinates introduced in section B.3. We
find

M — 3 L2 Iig(l — K1 + lig) — 2/4:2/4:3(%;1 — HZQ)EQ + Ko [lil — Iﬁ:glﬁ:g(l + K1 — lig)] E%
4G K3 [1 + KQEQ]Q

(3.30)
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and

J = \/ K5 — Cok3 [(m —l€2)(1—/€1+/€3)+/€2(1—/€3)]
G K3 [1 + K262]3 2K1K3 3

+5%Ii2/<3 [(/’61 —ko)(k1 — k3) + k1(1 + K1 — Ko — %3)]

—53161/42 [/@1 — Kok3(2 4+ K1 — Ko — mg)H . (3.31)

It is worth noting that for any ¢ € R the ADM mass (B.30) is positive as a simple
consequence of the ordering (B.3).

3.7 Komar integrals

Komar integrals evaluated on the horizon of each black hole allow us to compute a measure

of the mass and angular momentum of the two objects of the saturn system.

Komar masses

In five spacetime dimensions, the Komar mass is given by

3
M, omar — d ; 3.32
Komar = 7o /S wdt (3.32)

where £ is the dual 1-form associated to the asymptotic time translation Killing field 0; and
S is the boundary of any spacelike hypersurface. Eq. (B.32) measures the mass contained
in .S, so the mass of each black hole in a multi-black hole spacetime is computed by taking
S to be at the horizon H;. Instead, if we take S to be the S at infinity, then (B.32) gives
the total mass of the system, which coincides with the ADM mass. In terms of the metric

components we have

; 3 1
M = — dzdpdp ——— g, — 0 0 , 3.33
Komar 397G AZ Z ¢ TP \/Ttg g gd’d’[ Gpap OpGtt + 9ty Pgtw] ( )

which for the saturn solution gives

3mL? k3(1 — k1) + k1ke(l — Ko)(1 — K3) &3

MBH 3.34
Komar 4G Hg(l n 62 l€2) ) ( )
37L2 koll — (1 — ko) G| [kg — K3(K1 — k) Co + K1ka(l — K3) G2
= 32 el = (U — k)Gl — falm —r) e ksl = k)] -y )
4G 163(1 + Co 162)2

Note that (B.34)-(B.39) give
Moy = Mignar + Mico (3.36)

omar ’

so the Komar masses add up to the ADM mass (B.3(]), even in the presence of the conical
singularity. We discuss the sign of the Komar masses at the end of this subsection.
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Komar angular momenta

The angular momentum Komar integral is given by

1
omar — d ; .
Jk e /S xdC (3.37)

where ¢ is the 1-form dual to the Killing field dy, and S is the boundary of any space-
like hypersurface. Now (B.37) measures the angular momentum contained within S, and
therefore, if we choose S to be the horizons H;, we can compute the “intrinsic” angular
momentum of each black object. We have

) 1 1
Jioo = = | drdpdy ———— g.rgss| — G O B . (3.38
Komar 167G /I{Z z QZS ¢ \/Tw g g¢¢[ Gyp OpGtap + gty leﬂlﬂ] ( )

which gives

BH TL?  [R1Rg Co[rs(1 — k1) + Kkika(1 — ko) (1 — K3) E3]
JBH e : (3.39)

Komar G Hg(l + o :‘<L2)2

3
L K9
JBR

_mL” 4
Komar G (3 0)

2/61/63
" (k3 —ka(k1 — K3) G2+ R1k2(1 — K2) B3] [k — Kg(k1 — K2) Cat k1Ko (1 — K3) G5
k3(1 + C2 K2)? '

The Komar angular momenta add to up to Japwm given in (B.31)),

Japm = JeR 4 JRE (3.41)

Komar >

even without imposing the balance condition (B.17).
We shall refer to the Komar angular momentum as the “intrinsic” angular momentum
of the black hole. Note that for ¢ = 0, the S2 black hole carries no intrinsic spin Jl%glmar =0.

This was expected since the soliton transformation with co = 0 did not add spin to the S3
black hole directly.

Smarr relations

Black rings [§] and Myers-Perry black holes [T satisfy the same Smarr formula

2
M =Ty +J 9. (3.42)

Using the expressions of the Komar masses (B.34)-(B.33) and the Komar angular momenta
(B-39)-(B.40) we find that both the black ring and the black hole separately obey this Smarr
relation:

2 2
g I]?(E{mar = TI]-?RSBR + QERJI]?(P){mar ’ g I]?(I)—Imar = TI]-?HSBH + QBHJI]?(I){mar : (343)

These Smarr relations are mathematical identities which relates the physical quantities
measured at the horizon, and they can be derived quite generally for multi-black hole
vacuum spacetimes [[[4]. The relations (B.43) hold without imposing the balance condition

ETD.
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Sign of Komar masses

We have already noted that the total ADM mass (B.3(]) is always positive. Positivity of
MEH in (B:34) requires that & > —ky ! and this selects the € = +1 case of the balance
condition in section B.4. Furthermore, imposing the balance condition (B.17) with € = +1
implies that ¢y takes values —ry ' < & < (1 — s2)~!, and thus both M in (B:34) and
MER in (B:35) are positive.

On the other hand, imposing the balance condition (B.17) with ¢ = —1 means that
Gy < —#y ', and — as can be seen from (B34)-(B3§) — this gives MEL < 0 while
MI’]?(I){HIHII’ > 0.

One might take as a criterium for establishing the physical relevance of a multi-black
hole system that each of the components in the system has positive mass. Clearly, at large
separations the Komar mass of each object should agree with the positive ADM mass of
the object, but that does not imply that the Komar masses in tightly bound gravitational
systems need to be positive.® How, physically, can a solution with negative Komar mass
occur?

It follows from the Smarr relation (B.43) that the Komar mass can be negative provided
that the angular velocity 2 and Komar angular momentum Jkemar have opposite signs and
that QJkomar is sufficiently large and negative to overwhelm the positive TyS-term. In

black saturn, the physical mechanism behind opposite signs of QBH and JB!H

Komar 1S rotational

frame-dragging: the rotating black ring drags the S® black hole so that its horizon is
spinning in the opposite direction of its “intrinsic” angular momentum. We examine this
effect in detail in section f.J. In that section we focus on solutions with ¢; = 0, hence

€ = +1, and these have JI]?(I){mar = 0; however, that analysis also serves to illustrate the
physics which lies behind having QBHJI%EIHM < 0.
In conclusion, the solutions with MEL > 0 (e = +1) and MY < 0 (e = —1)

appear to be equally valid. We shall primarily focus on the M}]?é{mar > 0 solutions when we

study the physics of black saturn in section f, but we comment briefly on the Mgglmar <0
solutions in section [.4.

Finally, let us remark that single black hole spacetimes with counter-rotation (in the
sense of 2J < 0) and negative Komar mass, but positive ADM mass, have been constructed
numerically as solutions of five-dimensional Einstein-Maxwell theory with a Chern-Simons
term [B4]. In that case, part of the energy and angular momentum is carried by the

electromagnetic fields making counter-rotation and negative Komar mass possible.

3.8 Closed timelike curves

One might expect the plane of the ring to be a natural place for closed timelike curves
(CTCs) to appear, and we have focused our analysis on this region. For the case ¢o = 0,
we find analytically that Gy, > 0 for p = 0 and z < k3 (the plane outside the ring) and
Ko < z < K1 (the plane between the ring and the black hole). So for ¢a = 0 there are no
CTCs in the plane of the ring (cf. [BH]).

8We thank Roberto Emparan for discussions about this point, and also Harvey Reall for helpful com-
ments.
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When é # 0 the metric components are sufficiently complicated that we resort to
numerical checks. We have performed such checks for examples where the S black hole
and the black ring are counter-rotating as well as co-rotating. Among other examples we
have checked the counter-rotating cases with J = 0; no CTCs were found.

CTCs tend to appear when solutions are over-spinning, at least that is the case for
supersymmetric black holes [Bd, B1-BJ, [L3]. Hence we have checked in detail cases where
the black hole and the ring are co-rotating and fast spinning. One such example is studied
in section [.4.9. For this 1-parameter family of solutions the S black hole angular velocity
covers a large range of co- and counter-rotation; we have checked numerically for CTCs in
the plane of the ring and found none.

While we have found no signs of the appearance of closed timelike curves in our analysis,
we emphasize that our numerical checks are not exhaustive. Rewriting the solution in ring
coordinates (z,y) will probably be helpful for checking for CTCs.

3.9 Limits

Black saturn combines a singly spinning Myers-Perry spherical black hole with a black ring
in a balanced configuration, and it is possible to obtain either of these solutions as limits of
the balanced black saturn solution with € = +1. We describe here the appropriate limits,
while details are relegated to the appendix.

Myers-Perry black hole limit

In the general solution, one can remove the black ring by first setting the BZ parameter
c1 = 0, thus eliminating the black ring spin, and then removing the black ring rod by
taking ko = k3 = 0. For the physical solution, where the singularity at z = 0 has been
removed, ¢ is fixed by (B.7) and we have to take the limit o, k3 — 0, in such a way that
c1 remains finite. This can be accomplished by first taking xo — k3 and then k3 — 0. We

provide details of this limit in appendix [A.].

Black ring limit

The black ring [f] is obtained by simply removing the S3 black hole from the saturn
configuration. This is done by first setting the angular momentum of the black hole to
zero by taking ¢ = 0, and then setting x; = 1, which removes the S black hole. We show
in appendix [A.9 that the remaining solution is exactly the black ring of by rewriting
the solution explicitly in ring coordinates x,y. The balance condition (B.17) becomes the
familiar equilibrium condition for a single black ring.

No merger limit

It would be interesting if one could use the black saturn system to study a controlled merger
of the S3 black hole and the black ring. Unfortunately, this is not possible. Based on the
rod configuration given in figure f(b), the merger should correspond to merging the two
horizon rods, [k3, k2] of the black ring and [x1, 1] of the S? black hole. Thus the merger
would correspond to taking x; — k2. Imposing the balance condition (B.17), k1 — k2
implies ¢ — —kKy L The solution with & = —Ky 1 is nakedly singular, and hence the
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suggested merger limit is singular. As a side remark, we point out that the singular nature
of the merger limit is in fact very similar to why two balanced Kaluza-Klein black holes
held apart by a static bubble-of-nothing cannot be merged by taking a similar limit [B7].

4. Physics of black saturn

We examine a selection of interesting physical properties of black saturn. In section [L1]
we establish that black saturn has 2-fold continuous non-uniqueness. Section .7 reviews
basic properties of the Myers-Perry black hole and the black ring; properties which will be
helpful for understanding the physics of black saturn.

It is useful to clarify notions of rotation and intrinsic spin:

e A black hole is rotating when its angular velocity €' is nonzero.
e Co(counter)-rotation means QB and QBR have the same (opposite) sign.

e We use the term intrinsic angular momentum to refer to the angular momentum
JKomar measured by the Komar integral evaluated at the horizon of the black hole.

The two black objects in black saturn interact gravitationally, and one effect is frame-
dragging. This is cleanly illustrated for the case where the S? black hole has vanishing

intrinsic angular momentum, JI}?(I){mar = 0, but is nonetheless rotating, QPH £ 0. We found
in section B.7 that JZII =0 for & = 0, so in section [.g we study the ¢ = 0 subfamily

of black saturn configurations.

The general black saturn configurations with ¢ # 0 are studied in sections f.4 and [L.H.
For & # 0 the S3 black hole and the black ring have independent rotation parameters, and
this makes it possible to have counter-rotating solutions and configurations with vanishing
total angular momentum, J = 0. Having ¢ # 0 is also necessary for realizing the full
2-fold continuous non-uniqueness.

Note that we are imposing the balance condition (B.4) with € = +1 throughout this
section, with the exception of subsection [.4.

4.1 Parameter counting and non-uniqueness

We begin by counting the parameters in the saturn solution. The full solution has six para-
meters: K123, satisfying 0 < k3 < ko < k1 < 1, one scale L, and the two BZ parameters c;
and cy. The parameter ¢; is fixed according to (B.7) in order to avoid a naked singularity
at z = 0. We conveniently rescaled cy to introduce the dimensionless parameter ¢o x co
in (B.§). So the unbalanced solution has four dimensionless parameters, k1,2,3 and ¢, and
the scale L. The balance condition () imposes a constraint between ¢ and k123, and
in conclusion, the balanced black saturn solution has three dimensionless parameters and
one scale L.

Fixing the ADM mass M of the full system fixes the scale L, and leaves three dimen-
sionless parameters. Fixing further the only other conserved asymptotic quantity, namely
the angular momentum J, leaves two free dimensionless parameters. Thus black saturn
has 2-fold continuous non-uniqueness. We examine the non-uniqueness in greater detail in
the following sections.
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Figure 3: Behavior of the reduced physical parameters for the Myers-Perry black hole (light gray)
and the black ring (dark gray). Note that we are using a logarithmic scale for the temperature.

Fixed mass reduced parameters

We introduce the fixed mass reduced parameters

2 _ 20m J? ai_zﬁ A,

S "6V w G (4
8 i 1/2 327 1/2

wi:\/gf%(GM)/a T = TTH(GM)/7

which allow us to compare physical properties of configurations with the same ADM mass
M. The script 4 labels the quantity corresponding to the black ring (i =BR) or the S3
black hole (i=BH). We will also use the total horizon area,

aigtel = oBR 4 B (4.2)

in order to study the “phase diagram” (total entropy vs. j2) of the black saturn. Occa-
sionally we simply use ay for a}ftal.

The reduced temperature and angular velocity are normalized such that gy = 1 for
the five-dimensional Schwarzschild black hole (j = 0), and wpy = 1 for the maximally

rotating (singular) Myers-Perry black hole (j = 1).7

4.2 Myers-Perry black hole and black rings

In preparation for studying the physical properties of black saturn, we review the basic
properties of the Myers-Perry black hole [[lT]] and the black ring [§] with a single angular
momentum. Figure | shows for fixed mass the behaviors of the area, angular velocity
and temperature of the Myers-Perry black hole and the black ring as the reduced angular
momentum j is varied.

For the Myers-Perry black hole the reduced angular velocity grows linearly with the
reduced angular momentum — in fact our normalization is such that wyp = jvp. (In order
to better represent the near-j = 1 behavior we choose here to plot the physical properties
vs. j2 rather than j, as it was done in [E]) Increasing j, the area aIl\{/[P decreases and the

90ur normalizations of 7; and w; differ from the conventions used in [E]
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black hole gets colder (myp decreases). As j — 1, the S3 horizon flattens out as a pancake
in the plane of rotation, and at 7 = 1 the solution becomes nakedly singular.

Black rings come in two types: thin and fat black rings. The distinction is based on
the “phase diagram” showing aI]?IR vs. j2 (see figure fJ(a)): thin rings are those on the upper
branch, while the fat rings are those on the lower branch. As j — 1, the S? of fat rings
flatten out in the plane of rotation, and the inner S radius gets smaller while the outer S!
radius grows (the shape of black rings was studied in detail in [fJ]). As j increases, the fat
rings spin faster and become colder, much like the fast spinning Myers-Perry black hole.
As j — 1, the fat rings approach the same naked ring singularity of the j = 1 Myers-Perry
solution.

A thin black ring has a nearly round S2, and the S! radius is larger than the S? radius.
As j increases, thin black rings get hotter as the S? gets smaller (and the ring thinner),
and the angular velocity decreases. We shall see that many “phases” of black saturn also
have versions of the “thin” and the “fat” black ring branches.

4.3 Configurations with JBH =0

Komar

Throughout this section we study the subfamily of black saturn with ¢s = 0. It was shown
in section B.7 that for ¢ = 0 the intrinsic angular momentum of the S® black hole vanishes,
JI}?(I){mar - 0.

When ¢; = 0 it is simple to solve the balance condition ) for k3: there are two
solutions, but only one of them satisfies the constraints 0 < k3(k1,k2) < k2 < kK1 < 1. In
order to illustrate the physics of the solution, we choose to further fix a physical quantity,
so that we are left with a 1-parameter family of solutions. The extra physical parameter
to be fixed will be either the reduced area of the black ring aB® (section [1.3.1]) or the S3
black hole aB! (section [.3.2)). Alternatively, we fix in section the Komar mass of the
black hole and test the gravitational interaction between the S black hole and the black

ring.

4.3.1 Fixed area black ring

As shown in figure [|(a), the reduced area (IER of a single black ring takes values 0 < aEIR <

1. We can therefore fix the reduced black ring area at any value between 0 and 1 and
then “grow” the S® black hole at the center of the black ring. The result is illustrated for
representative values of (IER in figure [

For any value 0 < aI]?IR < 1, there exist both a fat and a thin black ring, and the
S3 black hole can be grown from either. This is illustrated most clearly in figure f(b),
where we have fixed aI]?IR = 0.8 and plotted a‘ﬁ’tal vs. j2. The standard Myers-Perry black
hole “phase” is shown in light gray, the black ring “phase” in darker gray. The black
saturn configuration with fixed aB® = 0.8 (black curve) starts at the thin and fat black
ring branches at agy = 0.8. Since Jllz’gmar
momentum, and hence j decreases as long as the black hole grows, i.e. until reaching the

= 0, the S3 black hole contributes no angular
cusp of the curve in figure fl(b).

Figure fJ(a) shows similarly the growth of an S black hole at the center of the ring,
but now with aB® fixed at smaller values, ab® = 0.1 (dotted) and 0.05 (solid). The plot
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shows the saturn “phases” grow from the standard fat black ring branch; they meet the
thin black ring branch at very large values of j not shown in figure [(a). For such small
fixed areas of the black ring, the S black hole is allowed to grow very large, and these
saturn “phases” dominate the standard black ring branch entropically.

Figures fl(c) and fl(d) show that the S® black hole is rotating, i.e. it has non-zero
angular velocity wpg. That the S? black hole rotates despite carrying no intrinsic angular

momentum (JE1

Komar = 0) is naturally interpreted as gravitational frame-dragging: the

rotating black ring drags the spacetime surrounding it and that causes the S horizon to
rotate. This interpretation is supported by the fact that the angular velocity wpp follows,
and is always smaller than, wpg.

To gain a better understanding of the physics of the black saturn, we first focus on the

cases of small values of the fixed black ring area. The relevant plots are figure [i(a) (aﬁ’tal
vs. j2), figure fl(c) (angular velocities vs. j2), and figure f|(e) (temperatures'® vs. j2) for

fixed ab® = 0.1 (dotted) and 0.05 (solid). For these values of the black ring area, the thin
black ring is very thin, has large S! radius and is rotating slowly (wpg is small). A small
53 black hole at the center of such a thin black ring will hardly feel the surrounding ring.
Indeed, for large j, the S3 black hole has very small angular velocity wpy (figure @(c)), and
it has large temperature 7y (figure f|(e)) which decreases as the black hole grows. Thus
the black hole behaves much like a small-mass Schwarzschild black hole, and we expect its
horizon to be nearly round as long as it has small area.

Instead of growing the S® black hole from the thin black ring branch, consider starting
with the fat black ring with (IER = 0.05 or 0.1. The fat black ring has j near 1, the horizon
is flattened out and it rotates fast. The S3 black hole growing from this configuration will
naturally be highly affected by the surrounding black ring. Consequently, the dragging-
effect is much stronger, and indeed figure f(c) shows that the S black hole is rotating fast.
Its temperature is very small (figure fi(e)), so it behaves much like the highly spinning
small area Myers-Perry black hole near j = 1. Thus we expect the S black hole to flatten
out in the plane of the ring in this regime of black saturn.

Figures [(b), l(d), and [|(f) show the equivalent plots for the black ring area fixed at

I]?IR = 0.8. In this case, the distinction between growing the black hole from

a larger value a
the thin or fat black ring branches is less pronounced. The S2 black hole is always dragged
along to that the angular velocity is far from zero, but even as the black ring becomes fat,
the 52 black hole never spins so fast that it enters the regime of the near-j = 1 Myers-Perry
black hole as the area goes to zero. This effect can be seen from the temperature g which
increases as abl — 0 — compare figures fl(e) and [(f).

Increasing the fixed value of the black ring area, aEIR, the corresponding black saturn
“phase” becomes smaller and smaller, and for fixed aEIR = 1 we find no saturn solutions.
This is because growing the S3 black hole with Jl%gmar = 0 decreases the total angular

momentum j, and for the black ring with j = 1/27/32 and aPBIR = 1, there are no black
ring solutions with less angular momentum.

ONote that we plot temperatures on a logarithmic scale in order to better capture the structure of all
phases in one plot.
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Figure 4: For fixed total mass and some representative values of the aER, the various reduced
quantities are plotted vs. j2. The gray curves correspond to the Myers-Perry black hole (light

gray) and the black ring (darker gray) respectively.
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Figure 5: Plots of ay vs. j2 for different representative values of (a51)? = 6,3, %, % (black solid

curves). The dotted curve corresponds to a Myers-Perry black hole surrounded by a nakedly singular
ring. Again, the gray curves correspond to the Myers-Perry hole (gray) and the black ring (darker

gray). The smaller plot zooms in on the small j part of the ap! = V6 curve.

Finally, let us note that it is possible to fix the black ring area to be zero, aI]?IR = 0.
The aI]?IR = 0 saturn configuration describes a nakedly singular ring rotating around the S3
black hole, which is also rotating as it is being dragged along by the ring singularity. The
reduced area of the S3 black hole vs. j2 for this configuration is shown as a dotted curve

in figure .

4.3.2 Fixed area black hole

We keep ¢ = 0 as before, so that JI}?(I)_Imar = 0, but instead of keeping the black ring area aI]?IR
fixed as in the previous subsection we now fix the S3 black hole area QEH. Thus we “grow”
a black ring around the S black hole area of fixed area. A balanced black ring cannot exist
for arbitrarily small angular momentum while keeping the configuration in equilibrium, so
the black ring grows from a nakedly singular ring around the Myers-Perry black hole; this
is nothing but the aEIR = 0 configuration discussed at the end of the previous section, and
shown as the dotted curve in figure .

Figure [] shows black saturn phases with fixed black hole area for representative values
of QEH. For each value of aﬁH, the corresponding curve has a fat and a thin black ring
phase. Note that the thin ring branches extend to large values of j.

The large-j tails of the constant aﬁH curves show that balanced saturn configurations
can have very large entropies. It can be argued [[4] that for any fixed value of 0 < (IEH <
21/2, the tails extend to arbitrarily large j. This in turn means that for any j there exist
black saturn configurations with total area al?*?! arbitrarily close to 2v/2. We refer to [[14]
for further details.

When the S? black hole area is close to zero, the black saturn curves approach the
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phase of the single black ring. Since the black hole itself does not carry any intrinsic spin,
we can set its area to zero, aﬁH = 0, and then black saturn simply reduces to the black
ring solution.

It is worth noting that for large values of aB'l, the black saturn curves also extend
to small values of j. For ¢ = 0, the saturn phases never reach j = 0. This is expected
because j = 0 requires that the black hole and the black ring are counter-rotating and that
is never the case for the é; = 0.

4.3.3 Saturn frame-dragging

Above we have seen that in the presence of the rotating black ring of black saturn, an S3

black hole with no intrinsic spin (JI]?(I,{mar

preted this as a consequence of gravitational frame-dragging. We test this interpretation

= 0) can be rotating (wpg # 0). We have inter-

by studying the geometry of the black saturn configuration (still keeping ¢2 = 0). If indeed
we are seeing frame-dragging, then the effect should be very small when the black ring is
thin and very far from the S black hole, and increase as the black ring and the black hole
come closer. We keep mpyg = Mggmar /M fixed and let the distance between the black hole
and black ring vary.

To characterize the configuration, we first introduce the reduced inner and outer S*
(horizon) radii of the black ring

Tinner = (GM)_1/2 vV G¢¢ ‘ ) Touter = (GM)_1/2 \/ wa ‘ . (4.3)

p=0, Z=kKo p=0, Z=kK3

It is shown in [E] that for a single black ring of fixed mass, the inner radius 7j,nr decreases
monotonically when going from the thin black ring (i.e. large-j) regime to the fat black
ring branch, and that rijjner — 0 when j — 1 for the fat black rings. However, when a
black hole is present at the center of the ring, as in black saturn, there is a lower bound on
the inner radius of the black ring.'!

Figure fl(a) shows the angular velocities of the S3 black hole and the black ring plotted
VS. Tinner for fixed Komar mass mpyg = 0.5. The lower branch of the wpr curve (black)
corresponds to the slowly rotating “thin” black ring. For large radius, the S2 black hole is
not affected much and wpy is correspondingly small (gray curve). As ripner decreases the
black ring spins faster and so does the S black hole. Clearly there is a lower bound for
Tinner, but surprisingly, the ring starts growing after reaching this minimum. It turns out
that on the “upper” branch of the wgg curve, the inner and outer S! radii approach each
other, so that the ring again becomes thin. But contrary to the standard thin black rings,
the angular velocity increases as the ring grows. Eventually, as the black ring becomes
thinner, the area aPBIR goes to zero leaving just a nakedly singular black ring around a
Myers-Perry black hole (dotted curve in figure ).

As shown in figure fj(a), the S? black hole angular velocity, wpg, follows that of the
black ring. In particular, wgy continues to grow even if the inner radius of the black ring
is growing. This may at first seem to contradict that the rotation of the S3 black hole is
caused by frame-dragging, since it would seem that the S® black hole should slow down as

1 As pointed out in section @, there is no smooth merger limit for the balanced black saturn system.
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Figure 6: Test of frame-dragging: figure E(a) shows angular velocities w; vs. the inner radius of
the black ring rinner for fixed Komar mass mpy = MY /M = 0.5. Figure E(b) shows the angular

velocities w; vs. the proper distance ¢ between the black hole and the black ring for three different
mass distributions: mpy = MEL /M = 0.1, 0.5, and 0.9.

the black ring becomes thinner and its S' radius grows. However, since the S? black hole
is itself rotating, it flattens out in the plane of rotation. To study this effect we compute
the proper distance between the S3 black hole and the black ring (for fixed mass):

(= (GM)/? / e VGss . (4.4)

K2

As expected, the proper distance £ increases as the inner radius of the black ring increases
along the lower branch in figure (a). But even as the inner radius rigne of the black ring
increases (upper branch), the proper distance ¢ continues to decrease. This confirms that
the black hole, as it is spinning faster, flattens out into the plane of rotation. Figure f(b)
shows the angular velocities as functions of the proper distance ¢, for three different mass
distributions mpy = 0.1, 0.5, and 0.9. The angular velocity of the black ring increases as
the proper distance ¢ decreases. And wgy — 0 when £ becomes large. This is precisely the
behavior one would expect from frame-dragging.

Moreover, figure [j(b) shows that the effect of dragging depends on the relative masses
of the black ring and the S3 black hole: the effect of a thin small-mass black ring on a
large-mass black hole is weak (mpp = 0.9), but the effect of a thick massive black ring on
a small-mass black hole is strong (mpg = 0.1).

The above analysis gives strong evidence that we are indeed observing rotational frame-
dragging.

4.4 Black hole with intrinsic spin

We now take é& # 0 and study the more general saturn configurations. When ¢é; # 0, the

53 black hole and the black ring have independent rotation parameters, in particular we

can have JBH

Komar 7 0- As a result, the two black objects can be co- or counter-rotating. We

illustrate the physics in two examples.
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Figure 7: Black saturn with a non-spinning black hole. The plot shows af¢*l vs. ;2 for fixed

ab® = 0.8 and wpy = 0 (dotted curve). For reference, the dark gray curve is the black ring while
the lighter gray curve is the Myers-Perry black hole.

4.4.1 Counter-rotation and Qgg=0

In the previous section, the S3 black hole had no intrinsic rotation, JI}?(I){mar = 0, and it was
rotating only because it was dragged along by the black ring. With & # 0 the S® black
hole has its own intrinsic angular momentum JI]?gmar #£ 0, and it is possible to let the S3
black hole counter-rotate in such a way that the intrinsic angular momentum cancels the
effect of the dragging, so that the S3 horizon becomes non-rotating, wpn = 0.

As an example of this effect, figure [ shows a curve of black saturn solution with
wphg = 0 fixed. In addition we have also fixed aI]?IR = 0.8. This wpyg = 0 curve starts at the
thin black ring branch with ag = 0.8 and the black hole grows “Schwarzschild style” (zero
angular velocity, high temperature which decreases as the black hole grows). As the black
ring becomes fatter, the black hole is affected more and more by the ring, and at some
point its intrinsic counter-rotation can no longer resist the dragging of the black ring; at
this point the wgg = 0 curve ends.

The possibility of making the S? horizon non-rotating by turning on “intrinsic” angular
momentum is reminiscent of the situation for the 4+1d supersymmetric S® black hole.
This black hole also has a non-rotating horizon, 2 = 0, and it can be shown [Bg] that
this requires angular momentum to be stored in the Maxwell fields inside the horizon.
Similar configurations were also discussed in [B4]. Of course, for black saturn there are no
Maxwell fields to carry the angular momentum, but the picture of having contributions to
the rotation from “inside” the horizon to make wgy = 0 is common for the two systems.

4.4.2 Reaching j =0

One might have expected the only solution with j = 0 to be the Schwarzschild black hole.
However, taking into account solutions with more than one component of the horizon,
counter-rotation can give j = 0. For black saturn this is possible while maintaining balance.
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Figure 8: Left: Plot of ay vs. j2 for fixed aB® = 0.01 and wpr = 0.3 (black curve). Included
are also the “phases” of a single Myers-Perry black hole (gray) and the black ring (darker gray).
Right: j is plotted vs. the black hole for black saturn with aB® = 0.01 and wpr = 0.3 and for
comparison with the corresponding curve for a single Myers-Perry black hole (light gray). The
saturn configuration reaches j = 0 and extends to negative j.

Figure f shows a saturn configuration with aB® = 0.01 and wpr = 0.3 in the phase
diagram a%’tal vs. j2. To reach j = 0 requires that the black ring has small area, but
otherwise there is nothing special about the values chosen for aEIR and wpg; they just
illustrate the physics well. For large values j, the black ring and the S2 black hole are co-
rotating, as can be seen from the j vs. wpy plot in figure . As the angular velocity of the
black hole decreases, the total angular momentum j decreases and the area of the S2 black
hole grows. The area reaches a maximum close to where the black hole angular velocity
vanishes. As the S2 black hole counter-rotates, wpy < 0, the area decreases. Eventually,
the counter-rotation is such that the total angular momentum at infinity vanishes, j = 0.
The black hole can be even more counter-rotating and then j becomes negative. Note from
the j vs. wpy plot in figure § that when the black holes are co-rotating j is almost linear in
the angular momentum, just as it is for a Myers-Perry black hole, and the range covered
—1 Swpp S 1, is nearly the same.

It is clear from figure f that the 44-1d Schwarzschild black hole and the slowly spinning
Myers-Perry black holes are not unique. We show in section that there is a 2-fold

continuous family of black saturn solutions with j = 0.

4.5 Non-uniqueness

In the previous sections we have examined a number of examples which — among other
phenomena — all illustrated non-uniqueness in the phase diagram ag vs. j2. It is clear
from these examples that black saturn covers large regions of the phase diagram. We now
explore how large.

4.5.1 Non-uniqueness in the phase diagram

To study the region of the phase diagram covered by black saturn, we choose random sets of
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Figure 9: Non-uniqueness in the phase diagram: The plot shows the distribution of black saturn
for 100.000 randomly chosen black saturn configurations.

points (K1, Ko, k3) satisfying the ordering (B-J) and plot the corresponding point (7, a{ota!)

in the phase diagram.!? Figure [fj shows the distribution of 100.000 such points.
We first note that we find no points with j < —1, thus black saturn takes values
of j > —1. The asymmetry between positive and negative j is just a choice of rotation

direction, which can be reversed by simply taking ¢» — —1) in the black saturn metric.

Next the total area a}ftal is always less than the area of the static Schwarzschild black
hole, which has aIS{ChW = 2v/2. We believe that there are black saturn configurations with

total
ay

. In fact for the dataset shown, we have

arbitrarily close to aIS{ChW

min(af™ — a¥*) =9.5.1074. (4.5)

The distribution!® of black saturn configurations in the phase diagram figure fJ indicates
that the region bounded by the Myers-Perry phase (shown in light gray for both positive
and negative j) is fully covered by black saturn solutions. But there are also points outside
this region: for j greater than ~ 0.5, there are black saturn solutions with total area greater
than the Myers-Perry black hole and the black ring.

By tuning the distribution, it can be shown [14] that the whole open strip

0 < a®®l < 2v/2 = afhv j>0, (4.6)

is covered with black saturn configurations. For any j > 0 the high-entropy configurations
are black saturn with an almost static S black hole (accounting for the high entropy)

12The BZ parameter ¢ is fixed in terms of (k1, k2, k3) by the balance condition () with € = +1.

131t may also be noted that while wpn takes both positive and negative values, we find that wgr is always
positive. The bound wpr > 0 is intuitively a consequence of the fact that the black ring needs to rotate in
order to keep the system balanced.

The density in the distribution is caused by the discrete non-uniqueness in regions where both thin and
fat black rings exist, but can also be affected by the particular distribution of points (K1, K2, K3).
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Figure 10: Non-uniqueness with j = 0: The plot shows the areas of the black hole (left) and black
ring (right) vs. their respective angular velocities. Note that in order to fit the black hole and black
ring areas on the same plot we have multiplied the black area by a factor of 50. The black holes
are clearly counter-rotating. The points in the plots are colored according to the temperature. The
black ring is always much hotter than the black hole, so different color scales are used for the black
hole and the black ring.

surrounded by a large thin black ring (carrying the angular momentum). This type of
configuration allow us to have black saturns with total area arbitrarily close to the bound
set by the static Schwarzschild black hole. Details of this and the structure of the phase
diagram are presented in [[4].

4.5.2 Balanced saturn with zero angular momentum ;=0

The phase diagram figure [J strongly indicates that the j = 0 black saturn configurations
are non-unique. We confirm the non-uniqueness in this section by studying the ranges of
area, angular velocity and temperature covered by the balanced j = 0 saturn solutions.

Figure [L(] shows the regions of the (w;, aﬁ) plane covered by the black ring and the
53 black hole in saturn configurations with j = 0. Since wpy < 0 and wpr > 0, the two
objects are clearly counter-rotating. Note that the black ring area aﬁR has been multiplied
by a factor of 50 in order for the plot be visible in the same plot as the S3 black hole. The
total area al?*¥ never exceeds that of the 4+1d Schwarzschild black hole.

The points in figure [[J are colored according to the temperature 7; of the corresponding
black hole/ring: Light gray means hot and black means cold. The scales used for the black
hole and the black ring temperatures are different, as shown in figure [[Q. The S3 black
hole temperature varies roughly between 0 and 3 (roughly like the Myers-Perry black hole
which varies between 0 and 1), while the black ring is much hotter with temperature varying
between 13 and ~ 103. This, and the very small area of the black ring, signals that these

,33,



WBR, WBR

Figure 11: Non-uniqueness with 7 = 0: The two plots show the regions covered in “angular
velocity space” when the angular momentum is fixed to zero, j = 0. Clearly the ring and the black
hole are counter-rotating. On the left plot, the color shows the area of the black hole, while on the
right plot it is the area of the black ring. Note again the scales are different and the black ring area
is much smaller than that of the black hole.

are very thin, large radius black rings.

We further note that there is discrete non-uniqueness in the black ring sector of j =0
black saturn. This can be seen by the “skirt” hanging over the righthand-part of the black
ring area vs. wpr “bell”. The rings here have lower temperatures than the other rings
with the same parameters, and it is therefore natural to interpret this “skirt” as a fat ring
branch.

The points (wpn,ab!) lie in the wedge shown in figure [[(. For each point in this
S3 black hole wedge there is one (or two, in case of additional discrete non-uniqueness)
corresponding point(s) in the black ring “bell”. But it is not clear which S® black hole
goes together with which black ring(s). That is illustrated better in figure [LT], which shows
two plots of wpr vs. wpy. The first is colored according to the area of the black hole aEIH,
while the second is colored according to the area of the black ring aI]?IR. Light gray means
large area, black small area. As shown, different scales are used in the two plots.

In both figure [L0] and figure [L1] certain edges of the plots are rugged, and there are small
white uncovered regions. This is simply due to the finite number of points generated for

each plot, since some regions are covered less than others (this was also visible in figure ).

4.5.3 Fixed j plots

We displayed in the previous section the regions of parameter space (w;,al) covered by
saturn configurations with j = 0. Likewise we can explore non-uniqueness for saturn
configurations with j fixed at other values. Figure [[3 shows (w;, al;) plots for representative
values of fixed j.

When j > /27/32 ~ 0.92, the S? black hole angular velocity wpy and area aI]?IH vary
over a large range of values. This is shown in figures [4(a)-(d). As j becomes smaller
than j = /27/32, which is the minimum value of j for the single black ring, the black
ring of saturn has very small area and the range of the S? black hole parameters are more
constrained, see figures [[J(e)-(f). When the black ring and S® black hole are counter-
rotating so that j is negative, the S3 black hole parameters differ only little from the
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Figure 12: For fixed total mass and some representative values of j2, the area of the black hole
(gray dots) and the area of the black ring (black dots) are plotted against their respective angular
velocities. The superimposed curves correspond to the area of a single Myers-Perry black hole
against its angular velocity (upper curve), and similarly for the black ring. For these curves, the
angular momentum j is of course not fixed. Note that for the black hole we included both the
positive and negative wpy.

parameters of the Myers-Perry black hole, and the black ring is very thin and contributes
little to the total area.
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4.6 Solutions with e = —1

Up to this point we have examined the physics of black saturn solutions for which the
condition for balance (B.4) was imposed with the choice of sign ¢ = +1, and hence ¢y >
—Kg ! Here we briefly discuss the balanced saturn solutions with € = —1 for which & <
—Kg L

As pointed out at the end of section B.7, the solutions with éa > —k5 ! have positive
Komar masses, while for ¢a < —k5 ! the Komar mass of the S3 black hole is negative. We
interpret this as an effect of extreme rotational frame-dragging, which makes QBHJI]??mar
so negative that the Smarr relation (B.4J) renders the Komar mass negative.

1 several of the dimensionful physical parameters diverge.

In the limit ¢ — —ky
However, the dimensionless fixed-mass reduced quantities remain finite. In particular, the
dimensionless proper distance ¢, defined in ([£4), between the black ring and the S* goes

to zero when ¢ — —ngl.

So this is a singular merger limit which ends in the nakedly
singular ¢; = —Ky ! solution.

The balanced saturn solutions with ¢o < —k5 L occupy only a small region of the phase
diagram (j, a%’tal). They have 7 ~ —1 and total area 0 < a%ftal < 1. We interpret these
solutions as tightly bound gravitational systems; they probably deserve a closer study than

the one provided here.

5. Discussion

We have presented and analyzed a new exact solution to 4+1-dimensional vacuum Einstein
equations describing Black Saturn: a Myers-Perry black hole surrounded by a black ring
which is balanced by rotation in the plane of the ring. The system exhibits a number of
interesting properties, such as non-uniqueness and frame-dragging, which were summarized
in the Introduction.

Most surprising is probably the result that the 4+1-dimensional Schwarzschild black
hole and slowly spinning Myers-Perry black holes are not unique. Black saturn shows
that once multiple black hole horizons are considered (and staticity not assumed for the
J = 0 configurations) black holes in 44 1-dimensions have large degeneracies. This and the
structure of the phase diagram for 4+1-dimensional black holes can be found in [[14].

We expect both black objects in black saturn to have ergoregions whenever their an-
gular velocities are non-zero. This is always the case for the black ring, whose ergosurface
is expected to have topology S' x S% [§]. The S black hole can be tuned to have zero
angular velocity, and it is natural to expect that the solution, despite having non-vanishing
intrinsic angular momentum, has no ergoregion. Generally, however, we expect an ergore-
gion bounded by an S% ergosurface. The metric in Weyl axisymmetric coordinates (p, 2)
is sufficiently complicated that we have not extracted useful equations for the ergoregions.
We hope this will be addressed in future work, and note that it may be useful to first
examine the p = 0 metric in order to examine the intersections of the ergosurfaces with
the plane of the ring.

It would be desirable to transform the black saturn metric to a simpler coordinate
system. The supersymmetric concentric black hole - black ring solutions of [[[§] can be
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written in ring coordinates (z,y) and it would presumably simplify our solution consider-
ably to write it in such coordinates. We have presented in appendix [A.9 the coordinate
transformation from Weyl axisymmetric coordinates (p, z) to ring coordinates (x,y) for the
simpler limit of the black ring without the S black hole. We leave it to future work to
convert the full black saturn solution to ring coordinates. We expect that ring coordinates
will make it easier to study the ergoregions.

Focusing on the plane of the ring, we have numerically checked examples of co- and
counter-rotating configurations, and found no closed timelike curves (CTCs). While we see
no signs of CTCs — the horizon areas and temperatures are positive and well-defined in
the full range of parameters — this should be analyzed in greater detail than done in this
paper. Writing the solution in ring coordinates (z,y) will likely facilitate such an analysis.

The 1st law of thermodynamics for black saturn is studied in [I4]. (We refer to refs. [BY
and [[i(] for other works on black ring thermodynamics.) Black saturn is an example of
an equilibrium system of two black objects which generally have different temperatures
and different angular velocities. This is therefore only a classical equilibrium. It is shown
in [[4] that imposing thermodynamic equilibrium, in the sense of the two objects having
equal temperatures and equal angular velocities, reduces the continuous family of saturns
to a one-parameter family of equilibrium solutions with only discrete non-uniqueness. The
phase diagram of equilibrium solutions is presented in [[[4].

The saturn system may well be classically unstable. The black ring of black saturn
likely suffers from the same instabilities as the single black ring [§. Using the Poincaré
(or “turning-point”) method, it was argued in [[] that (at least) one mode of instability
would appear at the cusp of the black ring curve in the area vs. angular momentum phase
diagram. At the cusp, where the thin and fat black ring branches meet, the black ring
has minimum angular momentum and maximum entropy (for given mass). Studying the
potential for the radial balance of a black ring, evidence was found [J] that a thin black ring
would be stable under small radial perturbations while a fat black ring would be unstable.
The radial instability of fat black rings appear exactly at the cusp, and so this mode is a
physical concretization of the mode predicted by the turning-point method [@].15

Under radial perturbations, the analysis of [f] indicated that fat black rings either col-
lapse to S® black hole (if perturbed inward) or possibly expand to become a thin black ring
(if perturbed outwards). The latter may not happen in a dynamical process if thin black
rings suffer from other classical instabilities, such as the Gregory-Laflamme instability [[[7],
not captured by the turning-point method. Showing that Gregory-Laflamme modes always
fit on (thin) black rings, refs. [I0, [ argued that thin black rings very likely suffer from
Gregory-Laflamme instabilities. Likewise, we expect thin black rings of the black saturn
system to be unstable to Gregory-Laflamme instabilities.

While some stability properties of black saturn can be expected to be inherited from
the individual components, the Myers-Perry black hole and the single black ring, there

5Due to the continuous non-uniqueness, the implementation of the turning-point method for black saturn
does not seem possible. Following [E] one can try to compute the radial potential for the black ring in black
saturn, but here one also has to choose to fix some non-conserved quantities in order to carry out the
analysis.
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can also be new instabilities for the black saturn system, for instance, perturbation of the
center-of-mass of the S2 black hole away from the center of the ring.

We constructed the black saturn solution using the inverse scattering method [[[§-
2(]. The seed solution and the soliton transformations invite a number of interesting
generalizations of black saturn:

o Multiple rings of saturn: It is straightforward to generalize the seed solution to
include more rod sources that will correspond to black ring horizons. One can also
add negative density rods to facilitate the addition of angular momentum for each
black ring using (anti)soliton transformations like we did in section P.2. Provided all
singularities can be removed as done here, and the system balanced, the generated
solution will describe “the multiple rings of black saturn”. One interesting property
of multiple ring solutions is the high degree of continuous non-uniqueness as we
discussed in the Introduction.

e Doubly spinning black saturn: The 3-soliton transformation in section .2 adds a
second angular momentum for the S3 black hole when b3 # 0. An analysis of this
solution is required to check that all possible singularities can be eliminated. Then
it will be interesting to study the physics of this doubly spinning saturn system. We

expect that the second “intrinsic” spin will only be non-vanishing for the §°

JKomar
o

black hole, but that the black ring will also have non-vanishing angular velocity on

the S2. This would be interpreted as rotational dragging of the S2 black hole on the

black ring.

The 3-soliton construction of section .3 does not give the most general doubly spin-
ning black saturn configuration, because the black ring would not carry independent
angular momentum on the S2. The more general black saturn configuration should
be possible to obtain with the methods recently used to construct the doubly spinning
black ring [R7].

Doubly spinning black rings likely suffer from superradiant instabilities [[[J. It would
be interesting to see if such an instability is present also when the black ring is only
being dragged on the S? by the S3 black hole.

e Dipole black saturn: Black rings can carry non-conserved “dipole charges” [[i4].
Adding dipole charge(s) to the black ring will give a dipole black saturn solution.
The techniques [i5] for adding dipole charge by combining two or more vacuum so-
lutions should apply here.

e Charged black saturn: Vacuum solutions can be charged up to carry conserved charges
— and for black rings also dipole charges. Lifting the solutions to ten dimensions
and using boosts and dualities it is easy to charge up Myers-Perry black holes and
black rings to carry, say D1- and D5-charges. The same transformations give a D1-
Db5-charged black saturn configuration (although not the most general such solution).
For black rings there is a technical difficulty in adding the third charge, momentum
P, as detailed in [i§]. This can be overcome by starting with a dipole black ring,
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and in this way a class of non-supersymmetric three-charge black rings have been

obtained [47].

Likewise, a D1-D5-P black saturn solution can be obtained from dipole black sat-
urn, and this would lead to (a subclass of) non-supersymmetric generalizations of
the supersymmetric concentric black ring solutions [[§]. It would be interesting if
techniques can be developed to add independent charges to multi-component black
hole systems.

As discussed in the Introduction, one motivation for the existence of black saturn is to
think of a thin black ring balanced in the external potential of the S3 black hole. We have
of course seen clear evidence of the gravitational interactions between the black ring and
the S3 black hole, for instance the rotational dragging (see section E.3). So considering the
black hole as providing an external potential should only be seen as a motivation for the
case where the black ring is very thin with large S! radius so that the interactions between
the objects is negligible. Following the method of [fJ one can take the system off-shell
and study the equilibrium of forces on a very thin black ring around a small black hole.
Presumably this would give a Newtonian balance between a string-like tension of the ring
and the angular velocity in the background gravitational potential of the S black hole.

The balanced black saturn solution presented here has two separate sectors. These
arise from two different ways of imposing the balance condition, as described in section [
We have focused almost entirely on the sector where the Komar masses of both the black
ring and the S3 black hole are non-negative. However, the other sector — for which the S3
black hole Komar mass is negative — may also contain interesting physics. We interpret
the possibility of negative Komar mass as a consequence of extreme rotational dragging
experienced by the S3 black hole when its Komar angular momentum cannot counter the
dragging by the black ring. It would be interesting to understand this strongly interacting
system better.

The 3+1 dimensions double-Kerr solution can be constructed with methods similar to
the ones used in this paper. While it is not possible for two Kerr-black holes to be balanced
by spin-spin interactions alone, one could ask if it is for two Myers-Perry black holes in
4+1 dimensions. The static solution describing two (or more) Myers-Perry black holes
held apart by conical singular membranes is easy to construct using the methods of [RY;
this family of solutions was studied in [ig]. Angular momentum can be added by soliton
transformations similar to the ones used here. It is not clear if the resulting solution can
be made free of singularities and, even if so, if the black holes can be held apart by the
spin-spin interactions.

Little is known about what types of black holes are admitted by the Einstein equa-
tions in six and higher-dimensions. The main focus has been on spacetimes with a single
connected black hole horizon, but black saturn has shown that interesting physics arises
in higher-dimensional multi-black hole systems. It will be interesting to see what exotic
multi-black hole solutions higher-dimensional gravity has to offer.
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Figure 13: Sources for the Myers-Perry black hole. The timelike rod is aligned along (1,0, Q];’H)

Acknowledgments

We are grateful to Gary Horowitz, Harvey Reall, Enric Verdaguer and especially Roberto
Emparan for discussions of the inverse scattering method and saturn physics. We thank
Chethan Krishnan for pointing out that a clarification was needed for comparison of the
results of the 2- and 3-soliton transformations.

PF would like to thank the Theoretical Physics group at Imperial College London
for hospitality and also the Center for Theoretical Physics at MIT for warm hospitality
while part of this work was done. HE thanks the Aspen Center for Physics for a fruitful
stay during the summer 2006. HE also thanks the Theoretical Physics group at Uppsala
University and the Niels Bohr Institute for hospitality during the final stages of this work.

HE was supported by a Pappalardo Fellowship in Physics at MIT and by the US
Department of Energy through cooperative research agreement DE-FG0205ER41360. PF
was supported by FI and BE fellowships from AGAUR (Generalitat de Catalunya), DURSI
2005 SGR 00082, CICYT FPA 2004-04582-C02-02 and EC FP6 program MRTN-CT-2004-
005104.

A. Limits

In this section we provide details of the Myers-Perry black hole limit and the black ring
limit of the black saturn solution.

A.1 Myers-Perry black hole

From the rod structure figure fi(b) of the full solution, one can see that the Myers-Perry
black hole with a single angular momentum is obtained by eliminating the rod correspond-
ing to the black ring. There is however an issue of the order of limits. First one can note
that from our general saturn solution, with ¢; and ¢y arbitrary, the following two limits
result in the same solution:

Limit 1: a3 —as, then as— aq,. (A.1)

Limit 2: a5 — a4, then a; — aq,. (A.2)
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As long as ¢; and ¢y are kept fixed (i.e. the regularity condition (B.7) is not imposed), these
two limits are equivalent and give the metric

cops(p? + 13)(p* + p3)

s [~ Budus + (0 + p2ps)’] _
pa [Busp® + (02 + pops)?]

Gtt = ) Gtw
p2 [Busp? + (02 + paps)?]

oy = 15(p* + p2ps)® — 3pusp? Gy = n
pia [c3p3p? + (0 + paps)?] ps
2 _ Kz [Busp® + (0° + popis)’]

(P + 3 (0 + 13) (PP + paps)
(A.3)

To bring the metric given above to an asympotically flat form one has to perform change
the coordinates according to t = t' — co?)’ and 1) = ¢’. Finally, to show that this solution
given in (A.J) is indeed the Myers-Perry black hole with a single angular momentum, one
can change to prolate spheroidal coordinates as done in [B{] and [21].

Now if we are interested in obtaining the Myers-Perry black hole as a limit of the black
saturn configuration, we must remove the black ring in a limit where the condition (B.7)
is imposed on ¢;. Note that in Limit 1 of (A]), ¢; — co. This is the reason we consider

Limit 2 in (A.T]).

In the parametrization introduced in section B.1] Limit 2 is
K3 — kg, then kg —0. (A.4)

By first taking k3 — ko we eliminate the divergence in ¢; and then the ko — 0 limit can
taken safely. The resulting metric is ([A.3).

With ¢, fixed by the balanced condition (B.17), this limit can only be taken for e = 41,
and one finds

1
Go=1— — A.
“2 2/11 ( 5)

and all physical parameters are then functions of the dimensionless parameter «; and the

scale L, which are related to the standard Myers-Perry black hole parameters rg and a
through

L? L(1—-2
r% =—, a= 7( 1) . (A.6)
2/4:1 \/2I£1

A.2 Black ring limit

The 1-spinning black ring is obtained by first setting co = 0, then taking as = as. We
must continue to impose the condition (B.7) for c; note that this condition is independent
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as a4 as

Figure 14: Sources for the black ring. The timelike rod has direction (1,0, QgR).

of as. We find

[ [u5(p2 + pp3)?(p* + papa)? — Gpspa(pn — u5)2p4]

Gy = — — , (A7)
o [us)(pZ + p1p3)2(p% 4 papa)? + s pa(pn — u5)2p2}
G — c1paps (1 — p5) (P + 11) (p% + paus) (P + papra) (A8)
[%(/)2 + pai3) (0% + papea)? + cpdpspa(p — u5)2,02]
H3 5 [M5(P2 + pap3) (0% + papa)® — i papa(pn — M5)2]
G = 2 2( 2 24 2,2 22|’ (A.9)
1 [%(p + pap3)?(p* + papa)® + cipspspa(pn — ps)?p ]
. 2Mz(p2+u1u5)(p2+u3u4)(,02+u4u5)[%(,02+u1M3)2(p2+u1M4)2+C?M?M3u4(m—u5)2p2
€ =

Apn (pPpun ps) (0P pa) (P*Hps s ) 2 (p%4ud) (02+13) (0*13) (p*H1)
(A.10)

Note that for ¢; = 0 we obtain the metric for the static black ring. The corresponding rod
structure is depicted in figure [[4

To verify that this solution really describes the i-ring, we rewrite the metric in ring
coordinates (z,y), i.e.

2
ds? = —% (dt+0ﬂ%%d¢>
R? . _% 2 dy? de? G(z) , 5
gt [ F Y G e ] A

where

GE)=1-)A+ve), FE=01+X), C=1/xA-v)

(A.12)

The coordinate transformation from Weyl coordinates (p, z) to ring coordinates (x,y) is

_RV-G@Gl) RO -ay)+v(@+y)
SR 2z —y)? ' (419
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Note that

dy? dx?
dp? +dz? = K(z,y [— + } , Al4
G0t o -
with
R4
K(z,y) = —W[m—i—y—i—y(l—i—my)][2+u(1+x+y—xy)][2+y(—1+x+y+xy)] . (A.15)
The rod endpoints are related to the parameters v and A as
2 2 2
a1 = R%a, a5:—%u, a4:R71/, ang?. (A.16)

Here o < —v/2 is a constant which will be determined below. With this choice, p?+(z—a;)?
is a perfect square for i = 3,4,5 (but not for i« = 1 for choice of & < —r/2) so we have

simple expressions for y; = R; — (2 — a;) = /p* + (2 — a;)? — (2 — a;):
e CR(1- m()f:;i/g(l +vy) 7 (A.17)
b CR(1- x()ij?g(l + va) , (A.18)
R -y +va)
b Lt (A.19)

The expression for p1, however, involves an explicit squareroot, Ry = y/p? + (2 — a1)2. We
write 1 = Ry — (2 —aq), but keep R; unevaluated. Then collect powers of Ry and simplify
the expressions for each metric component when only even powers of R; are replaced by
their expression in terms of z,y. Then we end up in general for each metric component
with expressions of the form

_Dbo +pi

v bl A.20
u qo +q ( )

where pg 1 and go 1 are functions of x,y. Now it turns out, as can explicitly be verified, that
for all cases, po/qo = p1/q1 so that g, = po/qo. Thus we have eliminated the squareroot

R; from the expressions, and indeed pgy/qo is a simple function of z,y. For example, we
find

2-20(l4+y)—v(l-y)

=— . A21
G 2—2a(l+2x)—v(l—2x) ( )
We bring Gy to the standard from given in ([A.11)) by choosing
v(14+X) —2A
= A.22
2(1-N) ( )

The condition that o < —v//2 is then simply that ¥ < A\, while —0co < « gives A < 1. We
have therefore recovered the bound

0<rv<A<l1 (A.23)
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on the black ring parameters A and v.

With this choice ([A.22) for o we have
o  K(1-v)? R?* F(x)

A24
1-X (z—y)? K(x,y)’ ( )
so that choosing the integration constant k as
1-X
e U= (A.25)

(1—v)?

we recover the z, y-part of the metric ([AI1)). With these choices for « (the position of the
“fake” rod endpoint) and k, the full metric ([A.7) becomes (A.11).

Note that in the black ring limit with é& = 0, the periods (B.1Y) are Ay = A¢ = 27k,
which with k given above agrees precisely with the result for the black ring [[i4]. Likewise
all physical parameters of the neutral black ring are reproduced from this limit of the black
saturn solution.

References

[1] S.D. Majumdar, A class of exact solutions of Einstein’s field equations, |Phys. Rev. T2 (1947}
[ 390
A. Papapetrou, A static solution of the equations of the gravitational field for an arbitrary
charge distribution, |Proc. Roy. Irish Acad. A51 (1947) 191l;
J.B. Hartle and S.W. Hawking, Solutions of the Einstein-Mazwell equations with many black
holes, |Commun. Math. Phys. 26 (1972) 81.

[2] D. Kramer and G. Neugebauer, The superposition of two Kerr solutions, Phys. Lett. A 75
(1980) 259.

<

R. Wald, Gravitational spin interaction, [Phys. Rev. D 6 (1972) 404.

[

[5] W. Dietz and C. Hoenselaers, Two mass solutions of Finstein’s vacuum equations: the double

Kerr solution, Ann. Phys. (N.Y.) 165 (1985) 319.

)

C. Hoenselaers, Remarks on the Double-Kerr solution, Prog. Theor. Phys. 72 (1984) 761.

[6] V.S. Manko and E. Ruiz, Exact solution of the double-Kerr equilibrium problem, Class.
Quant. Grav. 18 (2001) L11.

[7] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers and E. Herlt, Ezact solutions of
Binstein’s field equations, Cambridge University Presy, Cambridge (2003).

[8] R. Emparan and H.S. Reall, A rotating black ring in five dimensions, |Phys. Rev. Lett. 8§
[ (2002) 10110] fhep-th/0110260]; See also the review: Black rings, [Class. and Quant. Grav)
| 23 (2006) R169 [hep-th/0608014].

[9] H. Elvang, R. Emparan and A. Virmani, Dynamics and stability of black rings, UJHEP 12
| (2006) 074 [hep-th/0608074).

[10] J.L. Hovdebo and R.C. Myers, Black rings, boosted strings and Gregory-Laflamme,
[ Rev. D 73 (2006) 084019 [hep-th/0601079].

[11] R.C. Myers and M.J. Perry, Black holes in higher dimensional space-times, Ann. Phys. (NY}
[ 172 (1986) 304.

— 44 —


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2C72%2C390
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2C72%2C390
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRIAA%2CA51%2C191
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA%2C26%2C87
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD6%2C406
http://www.slac.stanford.edu/spires/find/hep/www?irn=5562600
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C88%2C101101
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C88%2C101101
http://arxiv.org/abs/hep-th/0110260
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C23%2CR169
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C23%2CR169
http://arxiv.org/abs/hep-th/0608012
http://jhep.sissa.it/stdsearch?paper=12%282006%29074
http://jhep.sissa.it/stdsearch?paper=12%282006%29074
http://arxiv.org/abs/hep-th/0608076
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C084013
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C084013
http://arxiv.org/abs/hep-th/0601079
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA%2C172%2C304
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA%2C172%2C304

[12]

[13]

[14]

[15]

[16]

[17]

[18]

G.W. Gibbons, D. Ida and T. Shiromizu, Uniqueness and non-uniqueness of static vacuum

black holes in higher dimensions, Prog. Theor. Phys. Suppl. 148 (2003) 284 [gr-qc/0203004];
S. Hwang, A rigidity theorem for Ricci flat metrics, Geometriae Dedicata 71 (1998) 5.

H. Kodama, Perturbative uniqueness of black holes near the static limit in arbitrary
dimensions, [Prog. Theor. Phys. 112 (2004) 249 [hep-th/0403239].

H. Elvang, R. Emparan and P. Figueras, Phases of five-dimensional black holes,
hep-th/0702111.

J.P. Gauntlett and J.B. Gutowski, Concentric black rings, |Phys. Rev. D 71 (2005) 025019
[hep-th/040801(]; General concentric black rings, [Phys. Rev. D 71 (2005) 045009
[hep-th/0408122.

J.P. Gauntlett, J.B. Gutowski, C.M. Hull, S. Pakis and H.S. Reall, All supersymmetric
solutions of minimal supergravity in five dimensions, |Class. and Quant. Grav. 20 (2003) 4587
[lhep-th/0209114].

J.B. Gutowski, D. Martelli and H.S. Reall, All supersymmetric solutions of minimal
supergravity in siz dimensions, [Class. and Quant. Grav. 20 (2003) 5049 [hep-th/0306235].

V.A. Belinsky and V.E. Zakharov, Integration of the Einstein equations by the inverse
scattering problem technique and the calculation of the exact soliton solutions,

JETP 48 (1978) 989 [Zh. Eksp. Teor. Fiz. 75 (1978) 1957].

[19]

V.A. Belinsky and V.E. Sakharov, Stationary gravitational solitons with axial symmetry,

Phys. JETP 50 (1979) 1| [[Zh. Eksp. Teor. Fiz. 77 (1979) 3.

[20]

[21]

[24]
[25]

V. Belinski and E. Verdaguer, Gravitational solitons, Cambridge University Presd,
Cambridge, (2001).

A.A. Pomeransky, Complete integrability of higher-dimensional Einstein equations with
additional symmetry and rotating black holes, [Phys. Rev. D 73 (2006) 044004
[hep-th/050725(].

T. Mishima and H. Iguchi, New axisymmetric stationary solutions of five-dimensional
vacuum Einstein equations with asymptotic flatness, |[Phys. Rev. D 73 (2006) 04403(]
[hep-th/050401§].

S. Tomizawa, Y. Morisawa and Y. Yasui, Vacuum solutions of five dimensional Einstein
equations generated by inverse scattering method, |Phys. Rev. D 73 (2006) 064009
[lhep-th/0512259].

P. Figueras, A black ring with a rotating 2-sphere, JHEP 07 (2005) 039 [hep-th/0505244].

H. Iguchi and T. Mishima, Solitonic generation of five-dimensional black ring solution,

Rev. D 73 (2006) 121501 [hep-th/060405(].

[26]

S. Tomizawa and M. Nozawa, Vaccum solutions of five-dimensional Einstein equations
generated by inverse scattering method. II: production of black ring solution, [Phys. Rev. D 73

(2006) 124034 [hep-th/0604067).

[27]

28

[29]

A.A. Pomeransky and R.A. Sen’kov, Black ring with two angular momenta, hep-th/0612005.

H. Kudoh, Doubly spinning black rings, |Phys. Rev. D 75 (2007) 064006 [gr-qc/0611134).

R. Emparan and H.S. Reall, Generalized Weyl solutions, |Phys. Rev. D 65 (2002) 084025
[hep-th/0110258].

,45,


http://arxiv.org/abs/gr-qc/0203004
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PTPKA%2C112%2C249
http://arxiv.org/abs/hep-th/0403239
http://arxiv.org/abs/hep-th/0702111
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD71%2C025013
http://arxiv.org/abs/hep-th/0408010
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD71%2C045002
http://arxiv.org/abs/hep-th/0408122
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C20%2C4587
http://arxiv.org/abs/hep-th/0209114
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C20%2C5049
http://arxiv.org/abs/hep-th/0306235
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SPHJA%2C48%2C985
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SPHJA%2C48%2C985
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=ZETFA%2C75%2C1953
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SPHJA%2C50%2C1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SPHJA%2C50%2C1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=ZETFA%2C77%2C3
http://www.slac.stanford.edu/spires/find/hep/www?irn=4841603
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C044004
http://arxiv.org/abs/hep-th/0507250
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C044030
http://arxiv.org/abs/hep-th/0504018
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C064009
http://arxiv.org/abs/hep-th/0512252
http://jhep.sissa.it/stdsearch?paper=07%282005%29039
http://arxiv.org/abs/hep-th/0505244
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C121501
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C121501
http://arxiv.org/abs/hep-th/0604050
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C124034
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C124034
http://arxiv.org/abs/hep-th/0604067
http://arxiv.org/abs/hep-th/0612005
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD75%2C064006
http://arxiv.org/abs/gr-qc/0611136
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD65%2C084025
http://arxiv.org/abs/hep-th/0110258

[30]

[31]

T. Harmark, Stationary and axisymmetric solutions of higher-dimensional general relativity,

[Phys. Rev. D 70 (2004) 124009 [hep-th/0408141)].

H. Elvang, R. Emparan, D. Mateos and H.S. Reall, A supersymmetric black ring,

Lett. 93 (2004) 211309 [hep-th/0407065|.

[32]

I. Bena and N.P. Warner, One ring to rule them all ... and in the darkness bind them?, |[Adv

Theor. Math. Phys. 9 (2005) 667 [hep-th/0408106].

33]

[34]

[35]

[36]

37]

H. Elvang, R. Emparan, D. Mateos and H.S. Reall, Supersymmetric black rings and
three-charge supertubes, [Phys. Rev. D 71 (2005) 024033 [hep—th/040812()].

J. Kunz and F. Navarro-Lerida, Non-uniqueness, counterrotation and negative horizon mass
of Einstein-Mazwell-Chern-Simons black holes, [Mod. Phys. Lett. A 21 (2006) 2621|
[lhep-th/0610075].

M. Cveti¢, G.W. Gibbons, H. Lu and C.N. Pope, Rotating black holes in gauged
supergravities: thermodynamics, supersymmetric limits, topological solitons and time
machines, hep—th/0504080|

J.C. Breckenridge, R.C. Myers, A.W. Peet and C. Vafa, D-branes and spinning black holes,
[Phys. Lett. B 391 (1997) 93 [hep—th/9602065].

H. Elvang and G.T. Horowitz, When black holes meet Kaluza-Klein bubbles, [Phys. Rev. D 67

(2003) 044015 [hep-th/0210303.

[38]

J.P. Gauntlett, R.C. Myers and P.K. Townsend, Black holes of D =5 supergravity,

and Quant. Grav. 16 (1999) 1| [hep-th/9810204].

[39]

[40]

K. Copsey and G.T. Horowitz, The role of dipole charges in black hole thermodynamics,
[Phys. Rev. D 73 (2006) 024015 [hep-th/050527].

D. Astefanesei and E. Radu, Quasilocal formalism and black ring thermodynamics,

Rev. D 73 (2006) 044014 [hep-th/0509144].

[41]

[42]

G. Arcioni and E. Lozano-Tellechea, Stability and critical phenomena of black holes and black
rings, |Phys. Rev. D 72 (2005) 104021 [hep-th/041211§]; Stability and thermodynamics of
black rings, hep—th/0502121].

R. Gregory and R. Laflamme, Black strings and p-branes are unstable, |Phys. Rev. Lett. 70

‘ 1993) 2837 [hep-th/9301059]; The instability of charged black strings and p-branes, [Nucl|
Phys. B 428 (1994) 399 Eep-th/940407ﬂ];

T. Harmark, V. Niarchos and N.A. Obers, Instabilities of black strings and branes,

Quant. Grav. 24 (2007) Rl| [hep-th/0701027.

[43]

0.J.C. Dias, Superradiant instability of large radius doubly spinning black rings,

D 73 (2006) 124035 [hep-th/0602064].

[44]

R. Emparan, Rotating circular strings and infinite non-uniqueness of black rings, JHEP 03

(2004) 064 [hep-th/0402149).

[45]

S.S. Yazadjiev, Completely integrable sector in 5D FEinstein-Mazwell gravity and derivation of
the dipole black ring solutions, [Phys. Rev. D 73 (2006) 104007 [hep-th/0602116||; Solution
generating in 5d Einstein-Maxwell-dilaton gravity and derivation of dipole black ring
solutions, JHEP 07 (2006) 03¢ [hep-th/0604140Q]; Rotating dyonic dipole black rings: exact
solutions and thermodynamics, m [hep-th/0607101].

,46,


http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD70%2C124002
http://arxiv.org/abs/hep-th/0408141
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C93%2C211302
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C93%2C211302
http://arxiv.org/abs/hep-th/0407065
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C9%2C667
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=00203%2C9%2C667
http://arxiv.org/abs/hep-th/0408106
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD71%2C024033
http://arxiv.org/abs/hep-th/0408120
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=MPLAE%2CA21%2C2621
http://arxiv.org/abs/hep-th/0610075
http://arxiv.org/abs/hep-th/0504080
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA%2CB391%2C93
http://arxiv.org/abs/hep-th/9602065
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD67%2C044015
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD67%2C044015
http://arxiv.org/abs/hep-th/0210303
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C16%2C1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C16%2C1
http://arxiv.org/abs/hep-th/9810204
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C024015
http://arxiv.org/abs/hep-th/0505278
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C044014
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C044014
http://arxiv.org/abs/hep-th/0509144
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD72%2C104021
http://arxiv.org/abs/hep-th/0412118
http://arxiv.org/abs/hep-th/0502121
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C70%2C2837
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA%2C70%2C2837
http://arxiv.org/abs/hep-th/9301052
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB428%2C399
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA%2CB428%2C399
http://arxiv.org/abs/hep-th/9404071
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C24%2CR1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD%2C24%2CR1
http://arxiv.org/abs/hep-th/0701022
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C124035
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C124035
http://arxiv.org/abs/hep-th/0602064
http://jhep.sissa.it/stdsearch?paper=03%282004%29064
http://jhep.sissa.it/stdsearch?paper=03%282004%29064
http://arxiv.org/abs/hep-th/0402149
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD73%2C104007
http://arxiv.org/abs/hep-th/0602116
http://jhep.sissa.it/stdsearch?paper=07%282006%29036
http://arxiv.org/abs/hep-th/0604140
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=GRGVA%2C39%2C601
http://arxiv.org/abs/hep-th/0607101

[46] H. Elvang and R. Emparan, Black rings, supertubes and a stringy resolution of black hole
non-uniqueness, JHEP 11 (2003) 035 [hep-th/0310008].

[47] H. Elvang, R. Emparan and P. Figueras, Non-supersymmetric black rings as thermally
excited supertubes, JHEP 02 (2005) 031 [hep-th/0412130.

[48] H.S. Tan and E. Teo, Multi-black hole solutions in five dimensions, |Phys. Rev. D 68 (2003)
[ 044021| [hep-th/0306044].

— 47 —


http://jhep.sissa.it/stdsearch?paper=11%282003%29035
http://arxiv.org/abs/hep-th/0310008
http://jhep.sissa.it/stdsearch?paper=02%282005%29031
http://arxiv.org/abs/hep-th/0412130
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD68%2C044021
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA%2CD68%2C044021
http://arxiv.org/abs/hep-th/0306044

